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UNIT I: VECTOR SPACE 
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1.1 Introduction 
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1.3 Vector Space 
1.4 Subspace 
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1.1 INTRODUCTION 


Functional Analysis is the study of vector spaces endowed with 
topological structures (that are compatible with the linear structure of 
the space) and of (linear) mappings between such spaces. Throughout 
this unit we will be working with vector spaces whose underlying field 


is the field of real numbers R or the field of complex numbers c. We 


begin our unit with some basic definitions, results and examples from 
linear algebra. Linear space also known as vector spaces arise naturally 
in applications, where in a physical problem is often modelled as a 
mathematical equation. The theory of Normed spaces, in particular 
Banach spaces, and the theory of linear operators defined on them are 


the most highly developed parts of functional analysis. 


1.2 OBJECTIVES 


Students will be able to 


To understand Normed space. 
Describe completion of a Normed space. 
To differentiate Linearly independent and Linearly dependent. 


To solve the results related to Normed space. 
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13 VECTOR SPACE 


A vector space is a nonempty set V over a field F together with two 
operations + and . are defined called vector addition and scalar 


multiplication. 


The operation + is defined by +: V x V — V, (vector addition) which is 


satisfy the following conditions: 


1. Closure: If u and v are any vectors in V, then the sum u * v belongs 


to V 


2. Commutative law: For all vectors u and vin V, u+v=vtu 


3. Associative law: For all vectors u, v, w in V, u + (v + w) 


—(utv)tw 


4. Additive identity: The set V contains an additive identity element, 
denoted by 0, such that for any vector v in V, 0 - v—v and 


v+0=v. 


5. Additive inverses: For each vector v in V, the equations v+x=0 
and x+v=0 have a solution x in V, called an additive inverse of v, 


and denoted by - v. 


The operation *. is defined by .:VxV— V, (scalar multiplication) 


which is satisfy the following conditions: 


1. Closure: If v in any vector in V, and c is any real number, then the 


product c: v belongs to V. 


2. Distributive law: For all real numbers c and all vectors u, v in V, 


c*(utv)-c:u-tc:v 


3. Distributive law: For all real numbers c, d and all vectors v in V, 


(ctd)-v=c:vtd-v 


4. Associative law: For all real numbers c,d and all vectors v in V, 
c: (d: v)=(cd): v 


5. Unitary law: For all vectors vin V, 1l-v=v 


Example: 


(1) Space R": This is the Eucliden space, the underlying set being 
the set of all n-tuples of real numbers, written 
X= (8,,..,84) F = (Fy, 0, 0,), etc. and we now see that this is a 
real vector space (K = X) with two algebraic operations defined 
by 

x+y = (9, + ¢,,...,8, + 2,) 


AX = (ayr mer G8), (ER) 


1.4 SUBSPACE 


A subspace of a vector space X is a nonempty subset Y of X such that for 


all y, ya € Y and all scalars a, @ we have ay, + @y, € Y. Hence Y is itself 
a vector space, the two algebraic operations being those induced from X. 

A special subspace of X is the improper subspace Y=X. Every other 
subspace of X (Æ {Q@}) is called proper. Another special subspace of any 


vector space X is Y ={0}. 


1.5 LINEAR COMBINATION 


A linear combination of vectors x4,,,,x,, Of a vector space X is an 
expression of the form ex, + ex, ++ + e,,x4,, Where the coefficients 


yr mer Æ are any scalars. 


1.6 LINEAR SPAN 


For any nonempty subset M c X the set of all linear combinations of 


vector of M is called the span of M, written span M. 


1.6.1 Linear Independence and Linear Dependence 


Let M be the set of vectors x4,...,x, (rz 1) in a vector space X are 
defined by means of the equation 


G4X4 E G5X4 n Rx, =O, vue ove oe (1) 
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Where q,,..,&, are scalars. Clearly, equation (1) holds for 
Gy "@ a, =a, = 6. 

If this is the only r-tuple of scalars for which (1) holds, the set M is said to 
be linearly independent. M is said to be linearly dependent if M is not 


linearly independent, that is, if (1) also holds for some r-tuple of scalars, 


not all zero. 

1.6.2 Finite and Infinite Dimensional Vector Spaces 

A vector space X is said to be finite dimensional if there is a positive 
integer n such that X contains a linearly independent set of m vectors 
whereas any set of n + 1 or more vectors of X is linearly dependent. n is 
called the dimension of X, written m = dim X. By definition X={0} is 


finite dimensional and dim X=0. If X is not finite dimensional, it is said to 


be infinite dimensional. 


1.7 BASIS 


If X is any vector space, not necessarily finite dimensional, and B is a 
linearly independent subset of X which spans X, then B is called a basis (or 


Hamel basis) for X. 
Note: 


Hence if B is a basis for X, then every nonzero x & X has a unique 


representation as a linear combination of elements of B with nonzero 


scalars as coefficients. 
Theorem: 1.7.1 (Dimension of a subspace) 


Let X be an n-dimensional vector space. Then any proper subspace Y of X 


has 

dimension less than n. 

Proof: 

Ifn — 0, then X = {0} and has no proper subspace. 


If dim Y = 0, then Y = {0}, and X zY implies dim X =1. 
4 


Clearly, dim Y= dim X = m. If dim Y were n, then 


Y would have a basis of n elements, which would also be a basis for X 


since dim X = n, so that X = Y. 
This shows that any linearly independent set of vectors in Y 


must have fewer than n elements, and dim Y < n. 


1.8 NORMED SPACE 


Let X be a real or complex vector space. A real valued function ||.|| is said 


to be a norm on X if 
QUizo weer 
QUl-9 iffx-0 
(ttt) |lax|] = lellixil Ya € X and vx e X 
(tv) I~ + »ll x Mell + Hlzll, vx.» eX 
Where K is either Ker C 
Then the pair ( X ,ll.]]) is called a normed space. This norm induces a 
metric d en X by d(x,y) = Jx- yll Yy € x. 
1.8.1 Banach Space 
A normed space ( X ,||.||) is said to be a Banach Space if it is a complete 
metric space with respect to the metric induced by ||.||. 
Examples: 
(1) Euclidean Space R" : 
We know that R" is a vector space over R with respect to the 
addiction and scalar multiplication defined as follow 
(ux ex) + ruis) = Gu Faka H Fonn + Fa) 
OER yh gym Ky) = (Xy Akg, mp RX) 


If we define |]. |], on R” by 
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NOTES 
Then ||.||; is norm on R” 


(2) Unitary Space C?': 
C" is a normed space with respect to the norm ||. || defined by 
. 1 
llCzu za. m2 l| (Felz) 
(3) C([a, b]) the set of all continuous valued function on [a, b] 


C([a, b]) is a vector space with respect to pointwise addition and 
pointwise scalar multiplication 


sup | féx} 
xele] 


It is a normed space with respect to the norm || f|] = 
Remark: 


The above three normed spaces are Banach spaces but €([c, b]) with 


a 
the norm ||fJ = ( D f GO P dx * is a normed space but not a Banach 
space. 

Result 1: 

If x,—xasn-o» and y,- yasm- o is a normed space 
CX „|l. I[) then 
X. y,— xc*yasnm-o inX 
(or) In a normed space X addition is continuous. 
Proof: 
x,-xasm- o > |x,-xl-9asn-c 


Fa 7 yasun- o-l|ly, - yll 2 € asm — o 


€ s lx, x- (x-»l- I, x) + (5 Fl 
Self-Instructional Material 


= x, — xil + lly, — yll ^ € asn > oo 


x tyxrty asnmo 


Result 2: 


If æa > æeasn> w in K and x,— xasnmn- 0 in X, then 


AX, 7 GX AFH > o in X. 
(or) Scalar multiplication is continuous in a normed space. 
Proof: 
We have |æ, — «|| > O asn >œ and |æ, — xl] > 0 asn — ze 
Now |la,,x, — exl] = lax, — «,x + «x — axll 
& la, x, — exl + lon, x — exl 
= le, lll, — xll + la, — @llbell 
> |a|.04+ 0.|lx|| 2 0 as n co 
^ Aafa > AX asm o 
Result 3: 
Let (X, ||. |] be a normed space and d be the metric induced by |}. |] 
(é) lkl- Ilylll s le- yl vx.yex 
(it) d(x +2,7 +z) = d(x,y) (translation invariant) 
(iit) d(ax,ay)- lald(x,y) Wx,y €Xandaek 
Proof: 
© [ell = Ilex—y¥ + yll 
< læ- yll + Ilyll 
= bell + Ilyll £ Ilx — yll 
lll - lel x lly — xil = lle — yll 
lel — Iylll = lix — yll 


(ii) de +2,7 42) = ll(x4- z) - Cy + zll 
= |lx - yll 
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= d(x.y) 
(ii)d(ex ey) = lax — eyll 
= le -¥)Il 
= lelllx — yll 
= lal d(x, ¥} 
Result 4: 
Let (x , |]. |[} be a normed space and Y be a vector subspace of x . Then Y 
is a vector subspace of X . 
Proof: 
Let x,y € Y. Then there exists a sequences (x,) and (y,) from ¥ such 
that 


X, 7x as n— «o and y, — y as nm oo 
Then x,-y, €Y YnEN and x, y,— xc y as nu 
>x +y €F 
Let x€¥ and &EK 
Then there exists a sequence (x,,) li: Y' such that x, x ay m — o 
&x,€Y YEN and ax,—ax AS N= w 
zy €Y >F isa vector space of X. 
Result 5: 
Let (X,.|l.]l,) and (X;.|l. ll) be normed space. Then prove that X, x X; 


is a normed space 
with respect to the norm ||(2,2:3) |] = max{llæ, ll, llæzll2} 
Proof: 
(i) Clearly (xp) = marflær ll, llx;ll;) 2 e 
(since |l. llall. la are norms) 
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(ii) Mr, x3)l| 2 S max{llx,IL,llxgll.}= 0 


© |lxll,= 9 and |lx;ll; = 0 


© x,=0 and x,=0 
> (x,,23) = (0,0) 
Gi) Bex = Mex, en)ll 
= maxllax, ll. lex; ;) 
= max(lelllx, ll. lelllx: llo) 
= |elmaxtllx ll, llxslls) 
= le ll (2 x; 
Civ) Gra) + Feral = My + Fata + Fal 


= max lix, + y. ll, llxa + yall) 
€ max{ læ lh, xs]; + maxtlly, Ila lyla} 
= |p 23) 1+ lyra 


^ (X1 X X, Il.I[) is a normed space. 


Result 6: Let (X,|l.]) be a normed space and Y be a closed vector 


subspace of X . Then X fy is a normed space with the norm defined by 


lle + YI = inf {lle — yll: y evi 


Proof: 


We know that € fy is a vector space with respect to addition and scalar 


multiplication as follows 
(x, Y) + (x34 Y) = (x, +x) HY „Yaxx EX 
als +Y) = (ax) +Y Yee X, Ya cK 


GQ lix FI = ffl- ylly EY} = o 
(stnce |lx — yll = 0 vy € Y) 
(ii)  lxrl'-0 


= there exists a sequence (y,) from Y such that 


lx, — zll > 0 asn — oo 
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€ y, 7x asn— co andy,€Y, YneN 


NOTES - 
—x€Y-Y (stnceY tsclosed) >x+Y=Y 
Gii) lax + ¥) I = lax + YIl 
= inf {llax + yll: y € Y] 
= inf{\la(x— y)ll:y € Y) where a + 0 
= Inflalllx — yll:y E Y? (sirce Y is vacter space) 
= |altaf(lx — yl:y € Y) 
= |alllx +F" 
If a = 0, then la(x +Y) = IFI" = 0 
= |ællle + ¥ II 
Gv) [Gey + ¥) + Gen + FDI = HG x2) + FI 
= inf(ll(x, + 22) — ylly € Y) 
= inf(ll(x, + x2} — Qn + yl) 
= y,€Y,y; € Y (since Y ts a vector space) 
S filz, — yill + lix; — y; ly, ys € Y) 
S inf(llx, — yill: y, € Y) + 
tnflxz — yilly, € Y) 
= |lx, + Yl + lx; + Yl 
Theorem: 1.8.2 
If X is a Banach space and F is a closed subspace of X, then x iy isa 
Banach space. 
Proof: 
By result 6, x fy is a normed space with respect to the norm 
lhe + YI = inf {lle — yll:y €Y} 
Seif Instructional Material Now, we prove that * iy is complete 


Let {x,, + Y) be a Cauchy sequence in “, ly 
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We find a subsequence ls +Y} of (x, + Y) such that 
Ila, tY- @n,,, FYN < Ek vken 


By definition of Ia, + Y)- os 4 Y)|/ there existsy, , yy44 such 
that 


len tre- Gn, Fe) <k VREN 


If Zy = Xn, + Fe YR E M, we claim that {z,,} is a Cauchy sequence in X. 


For k < }, 
lz- z;ll = lou — Skyr t Ft. — aa T2 — 0 z;ll 
z llz, — zi. + lzen — Z,44ll Tcr lz- zll 
2 1 1 
€xtmuctc ctum 
«i-i E ME hw 
“LEF 2 "NE i -2ei7797 
pak 


= {z,} is a Cauchy sequence in X. Since X is complete z, > z as m — co 
k & 


for some z € X. 
Claim: bu t Yj converges to + +4 ¥ asm co 
IG, +¥}- G 4 Dll S II. +F- zl 
z|z,—zl-90asn--w 
x, 4bY-—z4Y as n> oin, 
Since (x, + Y] is a Cauchy sequence, and it has a convergent subsequence 
ix + Y] is converge in x iy 
>X fy is complete 
> X fy is a Banach space. 
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Functional Analysis Theorem: 1.8.3 (Completion of a normed space) 


eee If (X, |]. |) is a normed space, which is not complete, then there exists a 


complete normed space (X'|].||') such that there is a map 
AX — X! 3: [xil = IAI, vx € X and A(X) is dense in X". 


Proof: 
Let d be the metric on X induced by |], |}. 
Then (X, d) is a metric space and hence it has a completion. 
(i e) QX*,d*) is a complete metric space with the following properties 
(i) X'- the collection of all equivalence classes of Cauchy sequences 
obtained by (x,)»v(x.) if d(x,.y,) > 0asm — oo. 
(ii) d(x',y^) = lim d(x,, Yp), where (x,) € x, (v4) € »' 
(iii)There exists a map A: X — X* such that 
d(x,y) = € (Ax, Ay) Vx, y € X and A(X) is dense in X' 
First we define addition and scalar multiplication on X' by 
LED + [G2] = [Gr +92] 
e[x,)] = [Cox] 
Claim: 


If (x,) and (y,) are Cauchy sequences, then (x, +y¥,) is a Cauchy 
sequence. 
ll, + y.) (Em «IE S lx, knll + ly, — Fall > € asm. 2 — oo 


en, + ¥,) is Cauchy 
If (x,) (x, and (,)~(z,,') then 


— "j = — J= 
lim liz, x,'ll O and lim Ey, yall 2 0 
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Now 
I(x, 3.3 — C + Fall S Ix, — x, 'll + lly, Fall ^ € as oo 
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^ [Un + y,)] € X* and it is independent of the representatives. 


Next to show that if (x,,) is a Cauchy sequence and @ € K, then (ax, ) is a 


Cauchy sequence. 
lax, — ax, ll = lle(x, —x4)1l = lalllx, —x41l > € asm x o 
^ (&x,) is Cauchy 
[(ax,)]& X* 


The remaining properties of addition and scalar multiplication to for X'a 


vector space are straight forward. 
Now we define ||. |X + R by Ilx‘ = d'(0x*) Yx e x' 
Claim: ||.||' is a norm on X* 
G) lx = 0 vx' € X'(obvteusty) 
(ii) [el] = oed'(0'x')20cx'z-o' 
(ii) Let x' € Y'and «e eK |lax'|l' = d'(0',ax^) 
Choose a sequence 


(x,)€ XY 2m4A(x,)-—x'as n— o tnX' (since A(x) = X") 


>Alax,) > ax'asn - o in Xf 
Since metric is continuous 
d'(U',ax*) = lim d'(A(0), A(ax,)) 
mos 
= lm ACO, ex.) 
= lim |lax, ll = le] lim lix, ll 
Roo Roos 

= |a| lim d(0,x,) 
= le] lin: eff (0,A(x,,)) 


= |a|d'(0'.x*) 
= |a] llx*|l' 
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(iv) Let x',y' € X". Then choose (x,,) and (y,) in 
A(X) 3: Ax, > x'asn o», Ay, > y'asn > o in X' 
Now læt + »' Il = d'(O*.x' + y^) 
= d'(4(0), lim A(x, + ».)) 
= iim ECOLA + y, 
= lim d(O xy + y.) 
= lim llen +All 
S lim |lenll+ l lll 
= lim d(0,x,) + lim d(9, Fa) 
= lim d'(0',A(x,)  limd'(0,4(y,)) 
= d'(0',x') + d'(0*,y^) 
= ixl + liy 


2 ||| is a norm on X’. 


Definition: 1.8.4 


A series [°, x, in a normal linear space X is said to be 
(i) Convergent if s, = x, -- xa + =+ xp Yn € N and (s) converges 
in X. 


(ii) Absolutely convergent if Zg=,ll¥„l] is convergent. 


1.8.2 Schauder Basis 
A sequence {g,,) of vectors in a normed space X is said to be a schauder 
basis if for every x € X there exists a unique sequence of scalars (a) such 


that ||e,e, + azez + "+ a,€, —xll O asm — 9. In other words, 


x = e e 


1.9 EXERCISES 


(1) Let 12,.....&,) be a basis for a complex vector space X. Find a 


basis for 
14 


X regarded as a real vector space. What is the dimension of X in 
either case ? 
(2) Let X be the vector space of all ordered pairs 
x = (8,,85),* = (Mya) Of real numbers. Show that norms on 
X are defined by 
ell, = la FH 
lella = (2,2 «^s 
lxi, = maxtjai l laz fs 
(3) Show that the closure F of a subspace Y of a normed space X is 
again a vector subspace. 


(4) If in a normed space X, absolute convergence of any series always 


implies convergence of that series, show that X is complete. 
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UNIT II: CONVEX SETS 


Structure 


2.1 Introduction 
2.2 Objectives 
2.3 Convex Sets 
2.4 Norm Topology 
2.4.1 Coset 
2.4.2 Quotient Space 
2.5 Equivalent Norms 
2.6 Exercises 


2.1 INTRODUCTION 


In this unit we will introduce convex set and Quotient space and also give 
some results. We differentiate spaces which are quotient space or not. We 
will discuss about the equivalent conditions of Normed spaces and some of 
its results. Some important results in Normed spaces are determined by 


theorems. 


2.2 OBJECTIVES 


Students will able to 


To understand the Quotient space. 

Describe the basic properties of Quotient space. 

Identify which spaces are Quotient. 

To understand the equivalent norms. 

Determine the necessary conditions of a normed space as 


equivalent norms. 


2.3 CONVEX SETS 


(a) Let V be real normed linear space and let J: V — R be a given mapping. 
A subset K of V is said to be convex if, for every u and v € K and for 


every £ € [0.1], we have that tu + (1 — £)v E E. 


Let K — V bea closed convex set. Assume that J attains its minimum over 


Kat 
16 


w € K. If J is differentiable at u, then 


Fuir- u) z 0 For every v € E. 


(b) Let K=V. If J attains its minimum at « € V and if J is differentiable at 


Then /‘(u) = @, 


Definition: 2.3.1 


Let V be a real normed linear space. A mapping J: V + R is said to be 


convex if, 


for every wand v £ V and for every t € [0,1], we have 


Ku + (1—£)v) € g(w) +(1- t) (v). 
(a) If J: V > R is convex and differentiable at every point, then 
I(v) — F(t) = F (u)(v— u). For every w and» € ¥ 
(b) Let J: ¥ — R be convex and differentiable at every point of V. Let 
K c Y bea closed convex set. Let u € be such that 
F(Y- u) z €. For every v € K, then 
mt (v). 


F- pegi 


(c) If J: V > R is convex and differentiable at every point of V, and if 


w € V is such that P(w) = G, then J attains its minimum (over all of V) 


at u. 


Remark: 


The above definition gave the necessary conditions for a differentiable 


function J to attain a minimum at a point u. The preceding definition 


shows that these conditions are also sufficient in the case of convex 


functions. 
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Definition: 2.3.2 
A norm on a vector space V is a function |}. |] : V — [@,@) such that 
(i) llæll = 9 tf and only t£.x = 0; 


(ii) |laxl] = lalllxl] for every a € F and every x € Vi 
(iii)(Triangle Inequality) for every x and y € V,we have 


lx + yll s ixl + Hl. 


2.4 NORM TOPOLOGY 


A normed linear space is a vector space V endowed with a norm. The 


metric 
Topology induced by the norm is called its norm topology. 
2.4.1 Coset 
Let V be a normed linear space and let W be a closed subspace of V, 
i,g, W is a linear subspace of V and is closed under the norm topology. 
We define an equivalence relation on V by 

Lwy Sx-ye lw. 


The equivalence class containing a vector x € V is called a coset and is 


denoted as x + W. 

It consists of all elements of the form x + w where w € W. 

2.4.2 Quotient Space 

The set of all cosets is called the quotient space and is denoted ¥ ZW. 
Addition and scalar multiplication on VW are defined by 

(x  W)- (y +) = (x 4y) +W and a(x -W) = ax +h. 
If yog and yoy", then, clearly, x + yx’ + y' and ax~ex', since 


W is a linear subspace of V. Thus, addition and scalar multiplication are 


well defined. 
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Thus the quotient space becomes a vector space. On this, we define 


n 
le+ Wiyar LI. Ile + wll 


In other words, the ‘norm’ defined above is the infimum of the norms of all 


the elements in the coset and so, clearly, it is well defined. 
Theorem: 2.4.1 


Let V be a normed linear space and let W be a closed subspace. Then 


Il. Ile defined above is a norm on the quotient space V /W. Further, if V 
is a Banach space, so is V ZW., 
Proof: 
Clearly |la+ Wllyqy 2 9 for all € V. If ¥ +W = 04+ Win Z/W, we 
have x € W; then —x € W and so 0 € [Ix + Wl & lx + (=x) = 0 
and so ||x- W||yay 7 0. Conversely, if |x + Wl = 0, then, by 
definition, there exists a sequence {w,,} in W such that |[x + w,,|| ~ 9. This 
means that w, — —x in V and, since W is closed, it follows that —x € W 
and so x € W as well. This means that x~@, t.e.x + W is the zero element 
of V/W. 
If æ Q, then ax 4 w= a(x + w^) where w' = a^*w € W. From this it 
is easy to see that |lax + Wl ay = lellla+ Wl, A. The case @ —9 is 
obvious. 
Finally, we prove the triangle inequality. 
lle + y+ Wilsae — énfíllx y + wll we E w} 

= inf {lle + y + w 4 w'w,w' e WII} 

S tnf {lle + wll + lly + w'll:w,w' e W} 

= inf {|lx + wll:w € Ww) + of {lly + w'll:w' e W} 


= Ix t+ W Iya + lly + lly. 
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Thus, V /W is a normed linear space. Now assume that V is complete. Let 


{xp W] be a Cauchy sequence in V/W, Then, we can find a 


subsequence such that. |](a,, Ww) — (x... + L4; ee = F 


Now choose yẹ € Say EW such that|ly, — yy44l] < "La . Then the 
sequence 


{Fg} is Cauchy and so, since V is complete, y, — y in V. Thus 

Il, + w)- G+ wl. e s ly, — yll > o. 

Thus, the Cauchy sequence (x, + W} has a convergent subsequence 
(x +W} 


and so the Cauchy sequence itself must be convergent and converge to the 


same limit. 


Hence V ZW is complete. 


2.5 EQUIVALENT NORMS 


Let X be a vector space and |l. |l. |l. ||' be two norms on X. We say that 


these two 

norms are equivalent if there exists a > 0 and b 7 0 such that 
allxil s lxi s blixil. v xx. 

Theorem: 2.5.1 


If |], || and |j, ||' are equivalent norms on X, then A £ X is open with respect 


to 


Il. | if and only if A € X is open with respect to |I. |l 


Proof: 


Assume that A is open with respect to |], |]. 


For x€ A, 3r» 0 3:(y € X:lle- yll «z) SA 
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We claim that fy € X: |l — yll' < ar} S (y E X: lx - yl] < v] 
If y € L.H.S, then ||x — yll' < ar 


= |lx—-yll € talle- pll « 


x 
a 
z5ytR.H.5 

= {y € X: |x- Fllf < ar} SA 
= A is open with respect to ||. ||’ 

Conversely, assume that A is open with respect to |]. |]. 

Then there exists r > 0 3: fy e X: |x- yl <r} GA 

We claim that fy © X:lle- yll < 7/5] S tr € xi lle- yll < r} 
Let y € L. H.S, = |lx- yll <" 

Then [Ix — yf‘ x bll — yl] < "hs xb-r 

-—Yy€B. HS 

= A is open with respect to ||. |. 


Result: 


If |]. |] and |]. ||' are equivalent norms on a vector space, then {x,,} is Cauchy 


with respect to ||. |] if and only if (x,,) is Cauchy with respect to |]. |". 


Theorem: 2.5.2 


Let X be a finite dimensional vector space. If |]. || amd ||. ||! are norms on 


X, then 

they are equivalent norms. 

Proof: 

Let (64,65, .., €p} be a basis of X. 


By a theorem, there exists c > @ such that 
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Functional Analysis ion sll 2c Zle for all choice of a; 
NOTES . 
Let x € X be arbitrary 


Then x = Zi, a,6, for some q,,&5, ss a, € K 


R 
Wel = |F as; 

= 

< > laille s & È le, (where X= , 277 pllet) 
t=1 iz1 
s ND msll 

a Il. |] amd |l. |l! are equivalent. 
2.6 EXERCISES 


(1) Show that the closed unit ball &(09,1) = (x € X: |lx|] 1) in a 


normed space X is convex. 


(2) Show that the norm ||| of x is the distance from x to 0. 
(3) Show that equivalent norms on a vector space X induce the same 


topology for X. 
(4) If two norms |l. |] and |. [lg on a vector space X are equivalent, 


show that 


(dlle, — xl] + 0 implies (ii) ||x, — xl], — 0 (and vice versa, of 


course). 


Self-Instructional Material 
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UNIT HI: NORMED SPACES AND 
SUBSPACES 


Structure 


3.1 Introduction 

3.2 Objectives 

3.3 Finite Dimensional Normed Spaces and Subspaces 
3.4 Compactness 

3.5 Exercises 


3.1 INTRODUCTION 


Finite dimensional normed spaces and infinite dimensions spaces are 
important since finite dimensional spaces and subspaces play a role in 
various considerations (for instance, in approximation theory and 
spectral theory). In this unit we will introduces the most important 
characteristic of finite dimensional normed spaces and subspaces such 
as linear combinations, closedness, continuity results are introduced. 
Here the maximum and minimum values of a continuous mapping have 


been discussed. 


3.2 OBJECTIVES 


Students will be able to 


Identify the basic properties of finite dimensional normed space. 
Determine the compactness, completeness, continuity of a normed 
space in finite dimensional space. 


Recognize the difference between maximum and minimum values. 


3.3 FINITE DIMENSIONAL NORMED SPACES AND 
SUBSPACES 


Theorem 3.1: Linear combinations 


Let X be a normed linear space and {£}; Xg» ..,x,] be an independent sets. 
Then 
3c»0 3: lax, tax, t t aux z c(la,| lal t lo, v 


choices of a&4,&5, eer € K . 
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Proof: 
Let s = [el + la] +: + lel 


If s = 0, then a4 = @, =" = a, = 0 and denote the required inequality 


follows. 


If s> Q, by dividing by s on both sides of the inequality, we get 


WE, + Bax, +++ Bx, |] c, where By By A, EE with 
E",|8,|=1 forsomec, 0 


Suppose inf (IA, 8,x,ll: ,,8,....8, € KLEINE, = 1} =0 
TREIBER sequence Fru = B, x, £,' pm x) with 
Elf, "| = 1 Ym € N, such that |l, ll > 0 asm- oo 


For each £ € (1,2, ..., iz), the sequence (2,%.2,™,..) is bounded in K. By 
Bolzano-Weierstrass property, 1,79] has a convergent subsequence 


which converges to B, (say). The corresponding subsequence of {y¥,,} is 
denoted by (x, m) 


Using (8,9) is bounded, we find a subsequence [8,779] of (g, ^H 


such that pem — B, as(2,m)— o forsome f, 

Let the corresponding subsequence of {ym} be {yz m}. 

Proceeding like this at the m™ stage we get a subsequence (y, m} of 
boom) 

Such that 8,9) + &.— for some B, € X as (nm) > o» 

If Fama = Eie y, 7 x, then y? — B asm o VEE (12, mn} 

Now {|l ||] is a subsequence of {llall}, 

O = lim |y, || = llyll where y = Zi; 8x, y 79 


On the other hand, since DM d =1 vie {1,2, ..,m} 
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>=", |8,| = 1—notall B,’s are zeroes Functional Analysis 
since [Xy Xo ... , x, is linearly independent 2y = 0 nom 
Which is a contradiction 

inf (IZ. hrl: B8, ... 8, EE ilg = 1} = c, 

mi 

Hence the theorem. 


Theorem: 3.2 


Let X be a normed linear space. If Y is a finite dimensional subspace of X, 


then Y is complete. 
In particular, if X is finite dimensional then X is complete. 
Proof: 


Let Y be a finite dimensional subspace of X with a basis [e,,$5, ..,€,] 
By using theorem 3.1 there exists ¢ = @ such that 

Ze Be By ey] Yapay mrep EE 

Let (y,,] be a Cauchy sequence in Y. 


Let y, = ZI, a; "e, vim c M, for some suitable 


«EK, E 12,.., m, mm E N 
By definition, gives s > Q, there exists N € N such that 
lya- ¥-ll <2 VmrzN. 
>a > lly, — yll = | an a, e, — Iene ll 
E Ele - ell 


> c X5. [a, 09 — e, | 2 [a 09 — a, 


Yi = 1,2..." Self-Instructional Material 
(a, 179) is a Cauchy sequence in K vt = 12, n» tt 


25 


Functional Analysis 


NOTES 


Self-Instructional Material 


Since K(= X or C) is complete, 

a, +a, asm vc YEE (L2,..,n) 

If y = Th, @,¢@, , then 

lza- yl = Zh o; “Pe; — Eh sll 
=Z (2; — a;)s;|| 
S Zi-ile; ^ — allel + 9 asm > œ 
-y.a-—y asm-o 

7. Y is complete. 


Theorem: 3.3 


Y is a finite dimensional subspace of a normed linear space X, then Y is 


closed in X. 

Proof: 

Let x € X bea limit point of Y. 

Then there exists a sequence (y,,) from Y, such that y,, — x asm > @ in 
X. 

[»,,) is Cauchy in Y 

By theorem 3.2, Y is complete 


Therefore, fy} converges to a point in Y 


Since lim y, = x, we have x € Y 
ao 


Y contains all of its limit points 


Y is closed in X. 


3.4 COMPACTNESS 


A metric space M is said to be compact of every sequence (x,,) from M has 


a convergent subsequence. 
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Theorem: 3.4 Functional Analysis 
A subset K of a metric space is compact, then K is closed and bounded. NOTES 
Proof: 


Let x be a limit point of K 

Then there exists a sequence (x,,) from K converges to x 

Then by compactness x € K. 

(since (x,,) has a convergent subsequence whose limit x € K ) 

Suppose K is not bounded, for a fixed y € K, and for each 

m € N there exists x, € Æ such that d(x F) > t Yn€ N 

—(x,,) has no convergent subsequence 

(since every subsequence of (x) is unbounded and hence not convergent) 


>K is not compact which is a >< 
>K is bounded. 
Remark: 


Converse of this theorem is not true. Consider (M,A), where N is the set of 


all 


natural numbers and d is the discrete metric. Then B is closed and bounded 


but not compact. 
Theorem: 3.5 


Let X be a finite dimensional normed space and A & X. A is compact if 
and only if A is closed and bounded. 
Proof: 
By theorem 3.4, if A is compact then it is closed and bounded. 
Self-Instructional Material 


Conversely, assume that A is closed and bounded. 


To prove: A is compact 
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Let (x,,) be a sequence from A 

= {x,,} is bounded (since A is bounded) 

—3M»823:|x,| M vxeN 

Let {e1,€5, ..., €,,) be a basis of X. 

Then x, = EZ, a, 9) e, for some suitable scalars 9 va € N 

By a theorem, 

3c» 0 3: Ix, = Ze, 0; s;|| = cZ.]a; | vae 

= for each t € (1,2, ..., m), |a, ??] is a bounded sequence. 

Then there exists a subsequence (z,) of (x,) 3: z, = XE, £e, and 
B/^ —^8, asn2 Wi=1,2,..,m 

= If z= Lum B; S; then 
llz, — zll € Ele — 8,|llell ^ 0 asm oo 

=> (x,,) has a convergent subsequence. 

= A is compact (since A is closed, ZEA) 


Lemma: 3.6 (F.Riesz’s) 

Let X be a normed space and Y, Z be subspaces of X. If Y is closed and Y 
isa 

Proper subspace of Z, then for every & € (0,1) 3z€Z z2:||z] 2 1 and 
lly-zillz8 vyer 

Proof: 

Letv € ZZY 

If a= inf{ily — yll: y € Y], thena >0 (since Y ts closed) 


Let # € (0,1) be arbitrary. 
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=> Fj >a Functional Analysis 


NOTES 
Since a = inf flle- yl» €Y) 3»; €U x:a« llv- yll < Wy 


E _ =-—*_ 
Let z = e(v Fod where c [mr 


= z € Zand |[z||=1 
Claim: |y - zl| = 8 vy EY 
lly — zll = lly- ctv — yall 
= ellc y — v + roll 
= ellr- (c^*y + yo)ll 


> ca (since c^ y - yy € Y) 


-e m = 
llv-xyll 7 e 


"fg 


Theorem: 3.7 


If X is a normed space such that M = (x € X + |Ix|| & 1) is compact, then 
X is finite dimensional 

Proof: 

Suppose dim X =+co 

Fix x, € M be arbitrary such that x, = 0 

Then the subspace generated by x, is a closed proper subspace of X. 


Then by Riesz’s lemma, there exists x, € X 3: |e ll = 1 and 
Ix; = x. |l = 1 


Since the subspace generated by (x,,x4) is closed and properly contained 
in 
Self-Instructional Material 


X, there exists xq EX 3: |Ixgll 2 1 and læ; — xl = 1 pt = 1,2, o 


Proceeding like this, we find a sequence (x) from X such that |x, |] = 1 
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We note that (æ) is a sequence in M such that it has no convergent 


Subsequence 


= M is not compact 
Which is a == 

X has finite dimension. 
Theorem: 3.8 


Let X and Y be metric spaces and T: X — Y a continuous mapping. Then 


the image of a compact subset M of X under T is compact. 
Proof: 


By the definition of compactness it suffices to show that every sequence 


(Fa) 


in the image T(M) c Y contains a subsequence which converges in T(M), 
we have y, = Tx, for some x, € M. Since M is compact, (x) contains a 


subsequence (xs) which converges in M. The image of (x,,) is a 
subsequence of (y,) which converges in T(M) by knowing theorem (A 
mapping T:X — Y of a Metric space (X,q) into a metric space (Y,d) is 
continuous at a point x, € X iff x, > x, implies Tx, > Tx, ) because T 
is continuous. Hence T(M) is compact. 


Corollary: (Maximum and minimum) 


A continuous mapping T of a compact subset M of a metric space X into R 


assumes a maximum and a minimum at some points of M. 
Proof: 


T(M)c K is compact by above theorem and closed and bounded by 


theorem 3.3 [applied to T(M)], so that tmfT(M) €T(M), supT(M) 
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€ T(M), and the inverse images of these two points consist of points of M 


at which T, is minimum or maximum, respectively. 


3.5 EXERCISES 


(1) Show that R” and C" are not compact 


(2) Show that a discrete metric space X consisting of infinitely many 
points is not compact. 

(3) Give examples of compact and non compact curves in the plane 
R7. 

(4) If dim Y « œ in F.Riesz's theorem , show that one can even choose 


6 21. 
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UNIT IV: LINEAR OPERATOR 


Structure 


4.1 Introduction 

4.2 Objectives 

4.3 Linear Operator 

4.4 Bounded Linear Operator 
4.5 Exercise 


4.1 INTRODUCTION 


In calculus we consider the real-valued functions on R(or on a subset of R). 
obviously, any such is a mapping of its domain in to R. In functional 
analysis we consider the more general spaces such as metric spaces and 
normed spaces and mapping of their spaces. The mappings of such spaces 
known as operator and an operator is generally a mapping that acts on a 
elements of a space to produce elements of another space. In this chapter 
the abstract idea of linear operators and bounded linear operators have been 


discussed. 


4.2 OBJECTIVES 


The students will be able to, 


Analyse the concepts of Range space and null space of linear 
operators 
The existence of inverse operator of T 


Continuity and boundedness of linear operators 


4.3 LINEAR OPERATOR 


Definition: 4.1 A linear operator T is an operator such that 


(i) The domain D(T) of T is a vector space and the range R(T) 
lies in a vector space over the same field 
(ii) For all x,y € D(T)and scalars a, it satisfies the following 
T(x+y¥) =Tx+Ty 
T (ax) = aTx 
32 


Note: 4.1.2 D(T) denotes the domain of T 

R(T) denotes the range of T 

N(T) denotes the null space of T 

Definition: 4.1.3 The null space of T is the set of all x € D(T) such that 
T(x) =0 

Example: 4.1.4 


1. The identity operator [:X¥ >X, defined by I(x) =xY xE X, is 
bounded and |Jf|] = 1 

2. The zero operator defined by Q:X — XY x € X, is bounded and 
lleil =o 

3. Differentiation: Let X be the vector space of all polynomials on 


[a,b]. we may define a linear operator T on X by setting 


Tx(t)=x'(t) foreveryx € X, where the prime denotes 


differentiation with respect to t . This operator T maps X onto itself. 
Theorem: 4.1 (Range and null space). Let T be a linear operator. Then: 


(a) The range R(T) is a vector space. 
(b) If dim P(T) = n « w,then dtmR(T) = n. 


(c) The null space N(T) is a vector space. 
Proof: (a) We take any y,,y; € R(T) 
To prove: ay, + By, € R(T)for any scalars a, 8 
Let y,,yg € R(T), 
we have y, = Tx,,ya = Tx, for some x,,x4 € D(T)and 
ax, + Ex, € D(T)because D(T) is a vector space. 
The linearity of T yields, 

T(ax, t 8x3) = aTx, + BTx4-ay, + ys 


Hence ay, t By; € R(T). 
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Functional Analysis since ¥,,¥> € R(T), were arbitrary. 
as This proves that R(T) is a vector space. 

(b) We choose n*1 elementsy, se y, 2f R(T) in an arbitrary manner. 
Then we have, 
Fy = Tx,.,yQ444 = Tx444 for some x,,x5,....,x,444 in D(T). 
siitce dim D(T) = n, 
Thts set (x, x5, me -r£ p1 )must be linearly dependent. 
Hence, Q4X4 t '",TG,4,4,X,,, = U 
For some scalars not all zero. 
Since T is linear and T0—0, application of T on both sides 
T(a,x, HHan Xn) = yp e Hanta) 
This shows that {F}; Fos ««+»¥,ey} 1s a linearly dependent set because not 


all scalars are zero. Since the subset R(T) was chosen in an arbitrary 
manner, we conclude that R(T) has no linearly independent subsets of 


ntl. =>dimRk(T) z n 
(c)We take any x£; € N(T) 


Then Tx, =Tx,= 0. 


Since T is linear, for any scalar a, we have 
T(ax, + Bx4) = aTx4  BTx, = 0. 
This shows that (ax, + Bx) € N(T) is a vector space. 


Theorem: 4.2 (Inverse operator). Let X, Y be vector spaces, both real or 


both complex. Let T:D(T)-»Y be a linear operator with domain 


D(T)subset of X and range R(T) subset of Y. Then 


Self-Instructional Material (a) The inverse T 71. R(T) > D(T) exists iff Tx-0 implies x-0 
(b) If T^! exists, it is a linear operator. 


(c) If dim D(T) = n < ooc,and T~* exists, then dimR(T) = dimD(T). 
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Proof: (a) Suppose that Tx=0 implies x=0. Functional Analysis 


Let Tx, = Tx, . Since T is linear, NOTES 


T(x,— x4) = Tx, - Tx; =Q, 
So that x, — x4 = 0 (by the hypothesis) 
Hence Tx, = Tx, = xy = z4 
T exists. 
Conversely if T ^! exists with x4 = 0 and we obtain, 
Tx, =TC=0 > x,=0 
This completes the proof of (a). 
(b) We assume that T71 exists 
To prove: Tis linear. 


The domain of T^! is R(T) and is a vector space (by theorem 4.1 (a)). 


We consider any x,,x4 € DT) and their images 

y. =Tx, andy, = Tx, 

Then x, = Ty, andx, = T^*y, 

T is linear, so that for any scalars œ ana f we have, 
T(aey, + By.) = aT x, + BTx4 = T(ax,  Bx4)s 
Since, x, = T ^1y, this tmplies 

T- (ay, + Bya) = ax, + Bx, = (aT Ly, + BT~*y2) 
And proves that T7! is linear. 


(c) we have, dim R(T) € dim D(T)(by Theorem:4.1(a)) 
din D(T) X din R(T)by the same theorem 


Self-Instructional Material 


applied to 71, 
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Lemma: 4.3 (Inverse of product). Let T:X—Yand §:¥ >Z be 


bijective linear operators, where X, Y, Z are vector spaces. Then the 


inverse (ST)~*:Z-—X of the product( the composite) ST exists and 
(sry rs 


Proof: The operator ST:X > Z is bijective, so that (ST)~* exists. We thus 


have 
ST(ST)* =I 
Where I is the identity operator on Z. 
Applying 57! and using $715 = I(the identity operator on Y), we obtain, 
S^!ST(ST)'-T(ST)!-s'--s^. 
Applying T~and usingT "1T = I, we obtain the desired result. 
T T(T)*:z(sr)-i-r-!s! 


This completes the proof. 


4.4 BOUNDED LINEAR OPERATOR 


Definition: 4.1.5 Let X and Y be normed spaces D(T) be a subspace of X. 


A linear operator T:D(T)-Y is called a bounded linear operator if 
3c > Q, such that |Tx| s clixi| v xE D(T) 
Definition: 4.1.6 Let T be a bounded linear operator on D(T). Then norm 


of T is defined by, ||T]|] = SUDoesep(T) ET 


Remark: 4.1.7 For every bounded linear operator T, |[T|] = --oe 


Example: 4.1.8 
4. The identity operator i:X — X, defined by I(x)2x Yx€ X, is 
bounded and |[Z|] = 4 
5. The zero operator defined by 0:X — XY x€ X, is bounded and 
lel] = o 
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6. If A = (@;)nxq is a matrix then A defines a linear operator on 


R” tre te R” by y = Ax, where 
XL TX 
y-| ]e€ R" uui x—-| © |€ R" Then this operator is 
F Xn 
bounded . 
La La R 2 
laxi? = Il? =È y? = »( 23 
tzi i21 VSL 
La LJ R 
s X (2 e)(2 2) 
t-L *k-L K-L 
= c?|lxI^, 


where c? = Er, Ets a 
Then |JAxll £ Cllxll 
Since x is arbitrary, A is bounded. 


7. The differential operator from the normed space of polynomials on 


[a-b] is not bounded. Because if p, (t) 2 t" v t€ [a.b] then 
DP, Il = Imp, ll = supint""*| t€ [a.b] 
= [n|b^7t 
If b z 1, DR I| — ov as  — co 


Therefore D is not bounded. 


Result: 4.1.9 If T is a bounded linear operator on D(T) then, 


IIT I] = sup.ep cll Txll 
lixilz1 


Proof: Clearly, supyepqllTxll S IFI- suPossepcr) qr 
lilio 


Let x, € D(T) with x, £ 0 
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Functional Analysis Then let, y= ei 
NOTES 


IIT x. Il 
© |ITyll € supyepcrllT xl 
lix ll llxilz1 


IIzx gil 
ITI = stP scence Foy S Prent IIT xl 


lixiiz 1 


ITIL = suprencrllFxll 
lixilz1 


Then 3,c > 0,3: [|T xl  cllxll, v x € D(T) 


Example: 4.1.10 If T is a bounded linear operator from D(T) in to itself 
then |[T*|] s ITI" Yn € N 


Proof: First we prove that if T: XY >Y and T4:Y — Z are bounded 
linear operators then ||T;T, |] € IIT IIT, |]. Since T, is bounded, 


llr, CF, Gx) « ll; liz ll v.s e x 
(yl, 


Il, Ill", lis an upper bound for (eae, xEX,x# ej 


IIT; 7, I s IIT ET UH 

By taking T, = T4 = T , we get 

ir? € Ir? 

By induction we get 

IZS s IIF vneN 

Example: 4.1.11 If T is a bounded linear operator from D(T) in to Y, then 
(i) x, > xasm > co inD(T)impliesTx, > Txasn > o» in Y 
(11) N(T) is closed in D(T) 

Self-Instructional Material Proof: (i) By theorem (4.6) T is bounded iff T if continuous 


Therefore (1) follows immediately. 
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(ii) N(T) = (x € D(T):Tx = 0) 
= {r-H} 
Since {0} is closed in Y and T is continuous we have, 
T-i((0)) = N(T)isclosed 
Example: 4.1.12 


Let T be a bounded linear operator from a normed space X onto a normed 


space Y. If there is a positive b 3: |[Tx|] = bllxl] Y x € X, then 


T+; y — x exists and T7! is a bounded linear operator. 
Proof: If x € X and Tx = 0,then O = ||Tx|] = bllxil 
IIx] s € = |x|] = 0 = x = 0 
= T is one — one 
= Tt: Y — X exists (T tis a bijection) 
We know that T 7! exists. Let y e Y be arbitrary, 


Since, T: — Y is onto, I xE X zi Tx = y 


1 
We *yll = gn Ar] = Hell £ Ibl 


1 
= Ir "spese 


=> T7! ls bounded. 


4.5 EXERCISE 


l. Let T:X—Y be a linear operator. Show that the image of a 


subspace — of V of X is a vector space, and so is the inverse image 
of a subspace W of Y 
2. Ifthe product of two linear operators exists, show that it is linear. 


3. Let X and Y be normed spaces show that a linear operator T: ¥ > Y 


is bounded iff T maps bounded sets in X in to bounded sets in Y. 
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Functional Analysis 4. Show that the range R(T) of a bounded linear operator T: Y > Y 


NOTES Need not to be closed in Y 


5. Let T:X — Y be a linear operator and dimX- dimY- n. show that 


R(T)=Y iff 77? exists. 


Self-Instructional Material 
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UNIT V: LINEAR FUNCTIONAL 


Structure 


5.1 Introduction 

5.2 Objectives 

5.3 Linear Functionals 

5.4 Normed Spaces of Operators 
5.5 Exercise 


5.1 INTRODUCTION 


Functional analysis was initially the analysis of functionals. A 
functional is an operator whose range lies on the real or complex 
plane. Functionals are operators so the previous definitions apply 
further our goal is to show, if we take any two normed spaces X and Y 
and consider the set B(X,Y) consisting of all bounded linear operators 
from X in to Y. we will prove that B(X, Y) itself made in to a normed 


space. 


5.2 OBJECTIVES 


The Students will be able to, 


Analyse the concepts of linear functionals and bounded linear 
functionals 


Algebraic dual and canonical mapping of spaces and oriented 
results 


Determine the completeness of B(X,Y) 


5.3 LINEAR FUNCTIONALS 


Definition: 5.1.1 A linear functional f is a linear operator with domain in 


a vector space X and range in the scalar field K of X; thus f: D(f) > K 
Where K=R if X is real and K=C if X is complex. 


Example: 5.1.2 


The norm ||. |J : X — R on a normed space (X, |J. ||) is a functional 


on X which is not linear. 


Space C[a, b] is a functional on X. 
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Definition: 5.1.3 A bounded linear functional f is a bounded linear 
operator with range in the scalar field of the normed space X in which the 


domain D(f) lies. Thus there exist a real number c such that for all 
x € D(F), |f(c)l s cllxil. 

For a continuous linear functional f on D(f) the norm ||f|| of f is defined 
by, 


ILA — zuposkepcé: E 


Example: 5.1.4 Consider for each a € R?, f: R? — R is defined by 
f(x) = ax ¥ x € RB. 
Claim: f,is linear 
Let x,y € R5, 
Kx y) = f ruxaxs) + Gov 9») 
= foU HFa- Xa H Yar Xa Y 
= a, + F1) + Gg (xq Ys) t Og (ag t ya) 
= a£, + ayy tax + aya + Gy xy + ay, 
= (a,x, a4 x4 + axa) + (ayy, + ayy, + aya) 
= a(x) +aly) 
= f(x) tfo) 
Let x € R? and « € R, 
flax) = fallax, + aX, + ax,) 
7 (a4, Ay a5) (AX aX5, AK) 
= a,(ax,) t a,(axz) + as(axg) 
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= a(a.x) 
= a(f, (x) 
Claim: ||} |l = llall 
For every x € R? 


lA = la-xl € llallilxil (Byschwartzinequality 


IAI x llall 
— 1 
Ifa s0,letx- lai 
Then Fall = | Fa 091 = lan x] 
= leal 
= lal 
IAI = Mall 


Thus [ff.ll = Ilall 


If a =0,then f, = 0 implies || f, |] = Ilall = ð 


Example: 5.1.5 LetC(/a,b]) be the Banach space of all real valued 
continuous functions on [a.b] with the supremum norm. clearly the 


integral operator f is a linear functional on C([a, b]). We recall that f is 


defined by, 
fix) = [ x()dtYz€ C([a,b]) 


Claim:|]fl] = b — a 
b 
fool - I x(a 
< f "olde 
È 
S supere; | dt 


= |[x||(b- a) 
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fll = (b — a) 
Clearly, the constant function 1 € C([a, 5]). 


FI = 1FGDI 


ü 
=|f" ua 
a 


=|b —al 
IAIL = lb — al 
It implies that, |] Fl] = & — a 


Definition: 5.1.6 Let X be a vector space. The space of all linear 


functionals on X is called the algebraic dual of X and it is denoted by X*. 
X* = {f:X¥ > K: fislinear} 


Clearly ¥*is a vector space with respect to pointwise addition and scalar 


multiplication. 


Definition: 5.1.7 The map C:X — X** is called the canonical map if C is 
defined by c(x)-f,Vx€X where f,:X'—K defined by 


f(g) = g(x) Vg € x* 

Lemma: 5.1 For every x e X, f, & X** (or) equivalently €:X — X** 
Proof: Fix x € X be arbitrary. 

To prove: f, € X'* 

we shall show that f. is a linear functional on X*. 

Clearly, for every g € x*, f£.(g) = g(x) € K. 

It implies that fis a functional on X*. 


Let g,,g4 € x* Then, 


Kg, + Go) = (gy + 93)x 
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= (g,(x) + g2(x)) 
= fh + fu 
Leta € K and g € X* Then, 
fag) = (ag) (x) 
= a(g(x)) 
=af, (8) 


Therefore, f is a linear functional on X*. 
= f E X" 
= €:¥ 2 X" 


Definition: 5.1.8 A vector space X is said to be algebraically reflexive if 


X is isomorphic on to X**, 
(i.e. E(X) = X'* 
Result: 5.1.9 C: X — X* is linear and one to one. 
Proof: Let x,,x4 € X 
Claim: Cx, + x4) = C(x,) + C(x) 
frst, fog + fe o 
Let g € X* be arbitrary. Then, 
fetxa (8) = (x1 + xg 

= gx + g(xz) 

= f Gn fa) 

=f. + f(a) 

Claim: For aeK and x € X, 

C(ax) = a(€x) 
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Functional Analysis Let g EX * be arbitr: ary 


NOTES 


fax (a) = (g) (ax) 
= a(g (2) 
= uf iu) 

Hence C is linear. 

Claim: C is one to one 

We shall show that if x € Y Zic(x) = Q then x= o 

c(x)-0 

= f= 0 on X* 
= f(g)=0_ for every g e X* 
= g(x) = 0 for every g € X* 

Claim: x = ọ 

Let {v,} beabasisof x. 

Since, x€ Y, x= Zicv, for some v,, 


If we define a linear map g;on X, such that 


ifa — a, 


rY = 
By assumption we have g,(x) — 0 for every i= 1,2..." 


0= g(x) = gi Cj.) 


+ 
j71 


= c, forevery {= 12. It 
Self-Instructional Material 

=x= 0 

Therefore c is one to one. 
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Theorem: 5.2 If X is finite dimensional vector space then dim X = dim X* 


Proof: Let {e,,¢3, ...&,) be a basis of X. 


For each i=1,2,..n we define, 


ltfiz- 
fe) - 2s {oc zl 


Thus {fff} subset of X* 
Claim: {f}; f,- fa} is linearly independent. 
FEL af =0 forsome @y,@,...@, in K, Then 


Since e, € X,fer every j = 12 ..m 


È afila) = 0 forevery] = 1,2 1 
Ei 


=a,=0 
me (f, f... & is linearly independent. 


Claim: £f, f, ...f,) spans X* 


Let feX* be arbitary, 


We claim that f = Eè, Fle 


Let x € X be arbitrary, 


Then x = Ef- 8,2, = 9 for some f, 


fix) = FÈ Be.) = > Bf (D 
tl 


=1 
=f -È eh 
t=. 


à Uff wed} tsa basts ef X" 


= dim ¥ = dim ¥* =n 
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Corollary: 5.3 If X is a finite dimensional vector space then X is 


algebraically reflexive. 


Proof: We know that the canonical mapping €: X — X** is linear and one 


to one 


By theorem 5.9 dim X = dim X*— dim X** 
Clearly, €: X — R(€) is an isomorphism. 
= dim X = dim R(C) 
But R(C) is a subspace of X** 
LR(c)-2X*'* 

= C ts on te 


= € lsalgebrically reflexive. 


5.4 NORMED SPACES OF OPERATORS 


Theorem: 5.4 The space of all bounded linear operators from X in to Y 


B(X,Y) is a normed space. 

Proof: Firstly, B(X,Y) is a vector space if we define the addition as, 
(T, Tx = Tx + Tx 

And scalar multiplication defined as, 

(at )x= aTx 


Claim: B(X,Y) is a normed space 


Norm is defined as, | T'|] = supyep cr |IT xl] 
lic liz1 


We know that the norm (N1) is obvious from the definition and 
lloll = €, fremllTl| = € 


We have Tx 20 Wx ED(T),sethat T=0 


48 


Hence (N2) holds, (N3) is obtained from, Functional Analysis 
SUP yay leTx ll = supy 4 lelllzll PED 
= |a supy, yoy ll7xll 
Where, x € P(T), finally (N4) follows from 
SUP ojo CT, + T.)xll = Suppe; IIT x + Tol 
5$ SUP pelz IT xl + IT QxIl 
Hence B(X,Y) is a normed space. 


Theorem:5.5 If X is a normed space and Y is a banach space, Then 


B(X,Y) is a banach space. 
Proof: We know that B(X,Y) is a banach space. 


To prove: B(X, Y) is a banach space. We show that (T,] is a a cauchy 


sequence in B(X, Y), then T, >T asn — co for some T € B(X,Y). 
Claim: For each x € X, {T,,x} is a Cauchy sequence in Y. 
Form,n €N, 
IIT, x — Taxlil = ICE, — Fadl 
= Ir, — T, lll > e 
as m,m — œ (since,(7,) is a a cauchy sequence in B(X,Y) ) 
implies that, {T x) is a a cauchy sequence in Y. 
Since Y is complete, for each x 3 y, € ¥ Such that, Tx > y, as n— oe 
Define: T; ^Y byT(x) " y, Y x €X 
Letx,x, € X 
T(x, + x) = dim T,(x, + xa) 


Self-Instructional Material 


= lim (7, (x) + Ta(*a)) 
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= lim (T, (x,)) + lim (7, (22) 


= Fx, + Tx, 
Let x € X and « € K, 
T(ax) — lim T, (ax) 
= lim af, (x) 
= alim 7, (x) 
= atx 


Thus, T is a linear operator. 


Applying m — oo and keeping n fixed, in 


IIT, x — T, xl £ IT, — T, llli 


Implies that T, - T € B(X,Y) 


Therefore B(X,Y) is complete. 


S.5 EXERCISE 


l. 


If f is a bounded linear functional on a complex normed space, is f 
bounded? Linear? (The bar denotes the complex conjugate) 

Show that two linear functionalsf, # 0 amd f, Æ 0 which are 
defined on the same vector space and have the same null space are 
proportional. 

Show that the functionals defined on  C[ab] by 
f; (x) = ax(a) + Bx(b) are linear and bounded. 

What is the zero element of the vector space B(X,Y)? The inverse 
of a T belongs to B(X,Y)? 

Show that a linear functional f on a vector space X is uniquely 


determined by its values on a hamel basis for X. 
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UNIT VI: BOUNDED OR CONTINUOUS LINEAR 
OPERATOR 


Structure 


6.1 Introduction 

6.2 Objectives 

6.3 Bounded or Continuous Linear Operator 
6.4 Dual Space 

6.5 Exercise 


6.1 INTRODUCTION 


In this section the most important characteristic of linear operators as such 
continuity, boundedness and its related results are introduced and for any 
vector space it has its corresponding dual space consists of all linear 
functionals on v, Here the dual space of normed spaces have been 


discussed. 


6.2 OBJECTIVES 


The Students will be able to, 


Witness the equivalent conditions on continuity and boundedness of 
linear operators 

Determine the boundedness of a linear operator in finite 
dimensional space. 


Dual space of normed space and suitable examples 


6.3 BOUNDED OR CONTINUOUS LINEAR OPERATOR 


Definition: 6.1.1A continuous linear operator is a linear transformation 


between two vector spaces and it is defined to be , 
Yese Jg» o 3: ||x-yll < d= ||Ax— Ayl «€ 
Then the operator A between these normed spaces is continuous. 


Definition: 6.1.2 Let X and Y be normed spaces and T: D(T)— Y a linear 
operator, where D(T) is a subset of X. The operator T is said to be 


bounded if there is a real number C such that for all x € P(T), 
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Functional Analysis IIT x || *- € |lxll. 


NOTES oo, f 
Then T is said to be bounded linear operator. 


Theorem: 6.1 (Continuity and boundedness). Let T:D(T)—Y be a 


linear operator, where D(T) is a subset of X,Y are normed spaces. Then 


(i) T is bounded 
(ii) T is continuous on D(T) 


(ii1)T is continuous at a single point x in D(T) 
Proof: (i) implies (ii) 
Assume that T is bounded. 
case (i): If T=0, then clearly, 
T is continuous on domain D(T). 
Case(ii): IfT s 0, then given €> 0 and choose 8 = = then for x,y in 
D(T) with |Ix — pll « à. 
[Tx - Tyll = IT — 2)1l 
& clix — yll 


zo! 


IITx — Tyll «€ 
Therefore T is continuous on domain D(T). 


(i11)implies (iii) is an obvious result from the statement. 


(iv)implies (i) 


Let x, € D(T) and T is continuous at xy. Since T is continuous at x,, 


Self-Instructional Material 


given €» 09, 38 > 0,3:y € D(T) and lly- xal « d. 
IIT y - TF xgll «€. 
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Let y € D(T) with y 0 and choose,x = TE 


Ziz +o- 
x — xgll = ain t x9— x 
Ix soll [riri 7 


Mail 


ll 
bh] 2 
A 
Os 


= Ix — xoll « à 


Similarly, ||Tx — Txgll = € 
re-st- rhe) 
y 
=e sal 
| yl 


— — IIT yll 
== - 


2€ 
= [IT yl < = lel 


Therefore, T is bounded. 


Lemma: 6.2 Let T be a bounded linear operator defined as |[T'x|] x elll]. 


Then, 


(a) An alternative formula for norm of T is, 


IFI = supzepcrllTzll 
lilii 


(b) The norm defined by |[T|] = sugsepcr? ry satisfies ( N,) to (N4) 


ile 


of definition of norm 


Proof: (a) Let ||x|] = a and set y = (3) x,where x Æ 0.Then, 


Il ll = lixil/o = 1 
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Functional Analysis Since T is linear, 


NOTES 

II x]] 

Iri] = Supren per 

ivtieo El 

1 
= SUP rapir) |T \-* 
goke 
= supyspcrllTyll 
\pll=a 


Hence, ||T\] = supyepcr)ll xll 
lille 


(b)We know that the norm (N1) is obvious from the definition and 
lle] 2 0, from liri 2 e 
WehaveTx 20 Wx ED(T),sethat T=0 
Hence (N2) holds, (N3) is obtained from, 
SUP xy le Tx l| = sup uz i lelllTxll 

= jesus; IIT xll 
Where, x € D(T), finally (N4) follows from 
SUP lim; ll CT, + T;)xll = sup yyy IT; x + Tzxll 

53 SUP. jer HIT xl + [IT p2Kl 

Hence the proof. 
Example: 6.1.3 
Identity operator: The identity operator I: X — X on a normed space 
x Æ 0, is bounded and has norm ||1|| = 1. 


Zero operator: The zero operator Q: X — Y, on a normed space X is 


bounded and has norm |[9]] = Q. 
Self-Instructional Material 


Differentiation operator: Let X be the normed space of all polynomial 


on J=[@,1] with norm given by 
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llxl] = maxlx(t)l. t € J. 
A differentiation operator T is defined on X by, 
Tx(t) = x (t) 


Where the prime denotes the differentiation with respect to t. This 


operator is linear but not bounded. 


Theorem:6.3 (Finite dimension) If a normed space X is finite 


dimensional, then every linear operator on X is bounded. 


Proof: Let (e,.65, se we €p} be the basis on domain D(T). 
For every x € D(T), x can be written as, 
x = TX, @,¢,for some scalars a; 


Now, |ITx|l = |IT Z= esll 
m 
s» la; lITe,ll 
t= 


" 
< 33 le, 
i21 


Where k = max... llTe,|l 


Therefore, ||T xl £5 lik eel 
k 
=—|[x|| 
c 


k 
lITz|l € : LES 


Hence, T is bounded. 


Thus, T is bounded. 


6.4 DUAL SPACE 


Definition: 6.1.4 Two normed spaces X and Y are said to be isomorphic if 


there exists a linear operator T: X — Y such that, 
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(i) ixl = Fel vx ex 
(1) T is on-to 
Note: One to one follows from (1) 


Definition: 6.1.5 Let X be a normed space, the dual space of X is defined 
by the normed space of all bounded linear functionals on X with point wise 


addition and point wise multiplication and the norm is defined as, 


Mf = Suns ae e 


The dual space of X is denoted by x' 

Example: 6.1.6 The dual space of B® is RB", 

Proof: Let (a, a, €p) € R” 

Define: £1: R" > R by fy (Bibo erba) = Er iB, 

Then f, is clearly linear. 

Since Ris finite dimensional 

= f,e(RY)' 

Conversely, let f € (R*)' 

Put, æ; = f(e;) Yi- 1,2,..m where (ej) is the standard basis of R™ 


Then for every x € R", 


x= Y Ef (e 
iz1 


n 
= d.a, 
t=1 


= fnr er fa) 
= f (x) and æeR” 


There is a one to one correspondence between R™ and (R")' 
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Further, |f.(x)] 2 IE, Cbl 


" ox a^ om e)” 


By Schwartz inequality, 
= lfl s lell 


Ifi... ligt} 
Ww = == 
Now [£ |] = supo. sun c where @ #0 


Dit 
llæll 


= All = llell tf æ e 


= All 2 = llell 


feæ=0, then f,=0 = llel =0= |All 


Therefore, |la]] = All Wa eR". 


Example: 6.1.7 The dual space of 1* is 1, where, [* = {(x,,) < +w} and 


i“withthener mlx, |l, = >... Hl 


Proof: Let «= (x) € E° be arbitrary, 


Define: fat > Rby FE) "Ez-x,y, Y (yet 


Since, Iz, y,| S Iz,llly, ll. Y n € N, 


By comparison test, 
Ll 
leal = +90 
=1 


Therefore, f: * — R 

Clearly f. ts lineer. 

Conversely, If ( f*)*, then f(¢,) =x, Vn € N 
Where {g,,} is the standard schauder basis in [* 


(i.e..) e, = (1,0,0, ....) 
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Functional Analysis 8. = (0,1,0, eee » 


NOTES 
8g = (0,0,1, ...., Jand so on 
En = (0,0,0, ....1,0.) 
If y € H*,then y= (y,) and Zz-,|y,] « + 
=y ba YaS8n 
REL 
N 
=f0)=f » rt] 
REL 
= f (lim ENL Yn Sn) 
= lm > ph Gn) 
=1 
=f (y), where x = (x,) 
Claim: (x,,) € [* 
For each m EN, | el x If ilile,, ll 
= x £ IfI] Y mE N 
= llelo = sup, ilx,l x IAS IAI 
=> xel” 
For xe l”, ye Ë ; 
Vol - |È xs] 
Self-Instructional Material ? Dail! 


Sil), Wal 
-1 
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= Ix | | we | Lyl, Functional Analysis 
NOTES 


= Ilfil, x llell. 


= fll. = lell 


Hence the proof. 


6.5 EXERCISE 


1. Show that inverse of a bounded linear operator need not to be 


bounded. 


2. Show that an operator T is bounded iff it is continuous. 
3. Show that the dual space of cg ts i*. 
4. If X is a normed space and dim x = co, show that the dual space 


of x' is not identical with the algebraically dual space of x* 


Self-Instructional Material 
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UNIT VII: INNER PRODUCT SPACE 


Structure 


7.1 Introduction 

7.2 Objectives 

7.3 Inner Product 

7.4 Orthogonal 

7.5 Orthogonal Set 

7.6 Orthonormal 

7.7 Gram Schmidt's Process 
7.8 Total Orthonormal Set 
7.9 Exercise 


7.1 INTRODUCTION 


Here we will introduce inner product space and orthonormal sets and 
sequences and also gives some examples. We differentiate spaces which 
are inner product space or not. We will discuss about orthonormality of 
Hilbert spaces and some of its examples. Some important results in Hilbert 


spaces are determined by theorems. 


7.2 OBJECTIVES 


The students will be able to 


To understand the inner product space. 
Describe orthonormality of Hilbert space. 
Identify which spaces are inner product. 
Understand parallelogram law. 


To solve the problems related to inner product space. 


7.3 INNER PRODUCT 


Let X be a vector space over K, where K =R or C. A function «from 


X xX — K is called an inner product (or a scalar product) on X if 


0)  «xty ,Zo *«X,Z»t«y,z» 

(ji) «x,y»-w«x,y», Yacek, ¥x yeX 

(i) «x,yo-4q.,X» ¥x yeX 

(iv) «x,x»20,wxeXand «x,x>=Oiff x=0 
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Example: 


1. R” is an inner product space with respect to the inner product 
defined by 
Cn sap Ae Qa s Varma)? = Lika XK PR 
2. 4 is an inner product space with respect to the inner product 
defined by 
CQ > Lar oe JeLYa > Fas Fe)? = Dee tee 
3. iis an inner product space with respect to the inner product defined 


by 
E QR). = EkziXnYn 
(Here [7= (( x,) xx, eR vn eN, (Zr. « o) 


a FERA C: fir Lebesgue measurable, f 
i ea- { If GP dz « co 


is an inner product space with respect to the inner product defined by 


«£go - f fGx)g(odx 
Results: 


1. Schwartz inequality: 
If x,y € X, then |x| < <x a) CY» 
Proof: 


Let æ € K be arbitrary. 
0 (x—ay,x — ay} = (xx — ay)  (-ay,x — ay} 
= (x, z)t (x, -7ay) -a(Qr x} t tQ, ayy) 
= (x, 2) — E(x, y) — aXy,z) + ay, y? 
If y = Q, then clearly , (x, y) 2 0 
(x, 0) = (x, 0 + 0) = (x, 0) + (1,0) > (x,0) = 0 


If y = Q, by definition, (y, y) = 0 
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Functional Analysis ^ [Qo x? -0z (x, xy. y) 
NOTES 
y0, let a= = then (1) 


0z wa- Elan enn, eren, ) 
NT 
IG y? S Gu xXx» 
2. Every inner product space X is a normed space with the norm defined 
by 
lx l= «fbx, xk, Wx € X. 
(i) clearly || x I= 4f (x,x) 2 0, vx € x. 
(ii) I| xx I= 0 = (x, x) = 0 = x = 0 (By condition 4) 
(iii) ex I| = fax, ax} = faa(x,x) 
= lae) 
= Je] Il z II 
(iv) Let x, y € X, 
l x+y l= {rty Hy} 
= fx, x} + (xy) + fy x} + Oy) 
= Wx I? HI y IP 2ReGo y) G3) = (y, xY) 
Six IP HI y 74 2|[Re(x y) 
SI x IP Ly II ZG» 
T = lx IP H y 152 2 M x I y Il (By schwarhz inequality ) 
= (xi ti yn? 
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Allt yisi xi ti yi 


Remark : The Schwarz inequality can be written as 


Ix y^ Sil x +i y M 
3. Paralogram Law: 
In an inner product space X, 
lx t yl? H x—y i = 2x? y i) Yx,y€X 
lx +y l? H x—ylP2G-4y,x—ybx—-y.x—y» 
= {xx} + (yt + nx) ey, y) + (ex) 
—(x,¥} — Qux) + Oy) 


= 2I x IP + y I?) 


7.4 ORTHOGONAL 


Let X be an inner product space. If x, y € X and (x, y) = 0. We say that x 
is Orthogonal to y (or) x L y 


4. Pythagorian identity: 
If x, y € X such thatx L y , then | x - y IP= x IF +I y I? 
Proof: 
lxtyW-oGtyxty 
= (xx G,ybt Quot y 


=|| x I? + y I? (Gy) = €x) = 9) 


7.5 ORTHOGONAL SET 


Let X be an inner product space. A set 5 & X is said to be an orthogonal set 
if(y,x) = 0, Vx,y € S with x£ yand x  0Yx € 5 


1. If S is an orthogonal set in an inner product space X, then S is an 


independent set. 
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Functional Analysis Proof: 


aS Let x4X3,..xX, ES be arbitrary. If FR, a,x,=8 for some 


G4,05,... Ry € K, then(Zz, ax, x,)— 0 VI € (12....m) 
>) alex) =0 Y f €(L2,...n) 


OA Xj} = O Yf E Zt 
&; Il x; P= OV € 1,2,...2 
a= 0, Y} €&1,2,...n(*ll X, l &) 
=> S is linearly independent. 


2. Polarization Identity: 
Let X be a complex inner product space. Then for every x,y € X, we 


have 
Gy) = (le y IP T x — y IE Lx fy P TI x — ty 12) 
Proof: 
lx+ yl? -Ix-yl?2 x 4y,xtyb-(ix-yx-y) 
cQ x) + (x,y? + Cy.) + Q3) 7 [05x) + fx, 7) + Ly x} + (-¥, -¥) 
= 2((x.¥) + Gey) 
(Il x + ty IP ll x — ty 0) = c ty, x + ty) — (x — by x — ty) 
= (x,x) + dx, Ly) + (Ly, x) + Cty, dy) — [Gc x) + (x, —Ly) 
TCtyxb (ty, -ty)] 
= 2((x, ty} + (px 
= 2(x,¥} — 2Qy,x) 
Wty iF il e— yl? ZI + y NPI x — ty IP) 


Self-Instructional Material 


= 2x, y) + 2ly x) + 2íx.y) — Ziy, x) 
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= 4x. F} Functional Analysis 


1 NOTES 
^ Gy) (l ty I l x y I4 2L x ty IP — x — teg? 
2 zí y II^ —I x y + I + ty IF l x — ty Iy) 


3. If (X, I.I) is a normed space satifying the parallogram law, then X is an 
inner product space. 


4. Let X be an inner product space. If x € X z«(x.u) = x.v Yu, v then 


u-—rU 

Proof: 

Given that(x, u) = (x,v)vx € X 
—-(xu-v)-ü0vxex 


-(u—vu-v)-U 


Il u — v I?°= 0 
ll æ — v |= ð 
u- r= 
u=r 


5. Let X be an inner product space. Then inner product is continuous on X 


(or) prove that éx,,,¥,, > (x, F} as tt — 0o whenever 
XQ 7 X Fa — y asm — oo. 
Proof: 
We have || x, — x || 0; I| y, — x | 0 asm — oo 
OS [Gr ys) — Guy = 10 Vad 7 6o yb 06) 7 Ge yn 
E Gn Ys) — C XH dons — Guy 
E Gn Ys 7 FHF 16 7 xy 
sil x, Ill y, — y H x4 — x M y M 


Self-Instructional Material 


>|] x I © + ell F || ast c 
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= (Xar y.) > (x, y)asn > oo 
6.Ifx, Ly vn €M and x, > x aso then x Ly 
Proof: 
Now {x.y} = (lim x,,y) 
= lm 6,5) 
= O(sincex, L y) 
əxly 
7. Prove that I? is not an inner product space ifp + 2. 


We show that parallelogram law fails in I? if p = 2. 


Let (xp) be (1,1,04,...) and (y) be (1,—1,0,0,...) 


Il (x,) l7 93 Lx, P) 4? =(14 1)4F = 2 


n=l 
I (n) + (5) Il 711 (29...) p= (2) = 2 
I En) — (9) lll (62,9,6,...) p= (2P) = 2 
1624 G2 IB H G7 G2 I= 8 = (27 + 27) 
AB¢2 
8. Prove that C[a, b] is not a product space. 


Proof: 


We show tht parallelogram law is not satsified in C[a, b]. 
Let f(t) = 1vt € [a,b] and g(t) = “ve € [a,b],f. g € C[a, b] 
ll F I= Super alf = 1I g l= 1 
4 afr 
But || f + g I= supyepen3(1 TJ =2 
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t-—G 
lf —g I= Supees (175—771 
l£4gl? -H£-gl?-52a4- NF I H g I?) 


^ C[a, b] is not an inner product space. 


7.6 ORTHONORMAL 


A subset M of a Hilbert space is said to be orthonormal 


1 ifx= y 


if (x, y) 0 fety 


Yeye H 


In particular, a sequence (x,,) is said to be orthonormal if 

(Xar äm = Ong Fit, € N where 2, , is the kronecker delta . 

Example: 

Let £7([0,22]) be the Hilbert space consisting of real valued function on 
[02a] with the inner product (f,g? = f7" f(s)g(O)dt, vf,g € £^ ([o2]) 
Ir 


f(E) = zz Vt € [0:27] 


fC) = = € [0.27] 


stant 


= Wet € [0,2n] 


g(t) = 


then (fs, frfa: 1t € N} is an orthonormal set in £7([@,2n]) 
" ar i 
14 = GA) = Í zdt-i 


ar 
t| ars 
(9 


Theorem:7.4.1 


Let (&,) be an orthonormal sequence in a Hilbert space H. If x € H, then 


Za EAA ia Sil x i? 
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Functional Analysis Proof: 


ene First we prove that for any m € M, 


È Wen sta 1? 


9 xli x —Zn-i (Xn Ey i? 


= x — Ima $z, C e = Lx (x, EnEn 


= (x, x} D 12s ix, e, Hx, e, zm i24 ix, e, Xe, x) t 
m fel ix, EnA ee, ep} 


=|| x |?- aie [ex €) p t dama xe)? 
=H x 1°- Zr. Ge, 
> Ze G8, sl x IP 
Since this inequality is true for every m € Ñ, allowing m — 09, we get 
a 
NOCET 
=L 
Remark: 


If (ex) is an orthonormal sequence then (s,.) is linearly independent. 


7.7 GRAM SCHMIDT’S PROCESS 


To obtain an orthonomal sequence (&,) from a sequence (x,) of 
independent vectors such that span = [xyxg4...x,] = 
span(e,.e;,...e,]m E N. 

Step: 1 


Self-Instructional Material 


Let e, = iep Then l & l= 1 
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Step 3 Functional Analysis 


x; (xps, NOTES 
= Th =1 
se a as A 


and fe, €z} = 0 
Step:3 


xg — x; vues teu) 


Let = 
oo lg m (far grey tery ruis Fey Il 


Then || €z |= 1 
and (e,,e3) = 0 simillarly (e5,65) = U Proceeding like this, at the n*" stage 
we get 


2 TERR Ot). 


E, = = 
" ig- j die (5,84€; Il 
clearly, (&,,e,) = 0vk = 1,2,...n— Lll e, l= 1 
Theorem:7.5.1 


If fex} be an orthonormal family of vectors in a Hilbert space H, for every 
x € H there exists atmost finite or countably infinitie number of Fourier 


co-efficients (x, 6, which are non-zero. 


Proof: 


For each m € N, 


1 
Let Sq = (a: Kx, e)» 33 
we claim that, 5,, is a finite set Ym € M 


Suppose 5,, is not finite, then there exists a infinite sequence (¢,) of 


vectors from (€) belongs to 5, 


By Bessel’s inequality, we have 


a a 
2 2 2 
Pi lex. e) | EX x I - » Ice) Self-Instructional Material 
m1 eel 


is convergent, |(x, €,)|? > 0 asn — oo 
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NOTES 
For e = 1/m, then there exists m € M 3: |{x,e,}| < "A EN 


which is a contradiction to Ea, € Savt EN 
^ S, ÍS a finite set. 
Let S = (e: |(x,e,)| 0} 
Claim: $ ZUZ-, Ím 
clearly, Sm & SYm € N 
Let æ € S. Then (x, €) £ 0. 
= |(x, &,)| > O then for e = |{x,e,}| > 0 
choose t € N 2: 1/m « |{x,¢,}| 
«€. cUZ-i1 fn 
mS mU Fm 
Since each S,, is finite, 5 is either finite or countably infinite. 
Theorem:7.5.2 
Let (¢,,) be an orthogonal sequence in a Hilbert spae H and x € H, then 
(a) E24 @,,€, converges if and only if ZZ, [a |? converges . 
(b) If X. ae, converges to x, then æ, = (x.e, ) Vr € N 
(c) For every xe H , Em, (x, e, e, converges. 
Proof: 
Let S,, = X£.,a,e,andg, = |a,|?*vn € N 


for m > qm, we have 


Self-Instructional Material 


l Sm — 5, I mI Zea Skk M" 
= (Uitene1 Ce Spr Leones ae, 
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= Liens Likes Tekh Cpr 6j) Functional Analysis 
= Ekens lexl^ = Ga — Fy Dos 
= (5,) is a cauchy in H if and only if (a) if cauchy in X. 
= Les 6,6,converges in H €» E, |a, |? converges in K 
(b) x = Enza Cafn and 5, = Eker 0,6, 


Fix m € Ñ be arbitrary , 


For n > m, 


(^u LA - > Qa RR) 
keL 


= (x,€,,) 


(c) By Bessel’s inequality, 
>. lead? Six P< 0 
n=1 


By using (a) E S=} (x, €,)€, converges. 
Theorem:7.5.3 


Let (¢,,) be an orthogonal sequence in a Hilbert space. If x € H, then every 


rearrangement of [a4 (x, €, }€,, converges to the same limit. 

Proof: 

Let m: N > N be a bijection and win) = e, vn € N. 

Let x, = £2. (x,s,)e, and x, = ES ay (xw, we, 

claim: {x —*g,-¢,)= CYn € N Self-Instructional Material 
G4 Xy Enh = Quis, 056,06, — Umea UG WA WA Sp) 
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= (x, €p) — (x, Wa) 
= (x, @,) — (x, e,) 
-0 

claim: (x,—x4,w,,) = 0vm € N 

(x, 7 23, w,) = (Eg, (Ean — Emar (Er Wy Wy Wp) 

= (X, Ep) — (X Wp? 
= (x,6,) — (5,65) 
=0 

Now I| x, — x; ll?= (x, — xy X, — xa} = 0 


S| x1- X, I= 0 S X, = 1, 


7.8 TOTAL ORTHONORMAL SET 


Let H be a Hilbert space. An orthonormal set M is said to be total if the 
span of M is dense in H. 

Remark: 

A total orthonormal set is called an orthonormal basis and M is a total 
orthonormal set if and only if M is orthonormal and M, = {0} ( that is, if 
x Lim Wm EM, then x = Q). 

Theorem:7.6.1. 

Let H be a Hilbert space and M & H be an orthonormal set. M is total if 
and only if | x P= Zy Kx, e,)|*. where (ep) S M 3: {xep} s 0vx € H. 
Proof: 


Assume that || x I= Ep (x, e, )| vx € E To prove M is total, ( we show 
that x L mm € H) 


>x=0 
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By assumption, we have (x,e,) 2 @.¥k Functional Analysis 


NOTES 


>> lx, ep}? =O >I x |= O>x =0 
k 
= M is total 


Conversly, assume that M is total. Let y = Ep éx, €, )€, (By theorem this 


series converges) 


Claim: x - y 1 mm € M 
case(i): (x, m) = 0 > m s e, VK 
(x ymy = (x, in) — Cy, m) 
-20-2Z, (xe,Xe,,m) 
=0 
case(ii): (x, m) # 0 > m = e,forsomeK 
{x — y, m) = (x, Ep} — t» e) 
= (x, ey) 7 Za (Es ep €) 
= nex) — Gne) 
=0 
=x-y LmYme M = x- y= Q (since M is total) 
yes E G, ege 
Now, Il x ?= (x, x} 
= (Zier (X18 be praje (Xepe; 
TELS ER (x en Mae ene) 
= Ee, ee 


Hence the theorem follows. 


Self-Instructional Material 
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7.9 EXERCISE 


1. Prove that {x,y} = za x +y l? -I x- y I’) 
2. Prove that Re (x, ¥¥ = zü x+y l? -l x- y lI’) 


3. Prove that Im (x, y) = za x +y l? Il x- y I’) 
3. If an inner product space X is real , show that the condition || x =| y Il 


implies (x + y,x — y) = @. What does this mean geomentrically if X-R?? 
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UNIT VIII: ANNIHILATORS AND 
PROJECTIONS 


Structure 


8.1 Introduction 

8.2 Objectives 

8.3 Annihilator 

8.4 Orthogonal Projection 
8.5 Exercise 


8.1 INTRODUCTION 


This unit discuss about the annihilators and projections in Hilbert spaces. 
Also discuss about the important results of annihilators and theorems. We 
will provide some examples to projection map on Hilbert spaces. At the 


end, we provide exercises to readers. 


8.2 OBJECTIVES 


To describe the annihilator set in Hilbert space. 
To define the projection maps on Hilbert space. 


Describe the orthogonal projection maps on Hilbert space. 


8.3 ANNIHILATOR 


The annihilator M^ of a set M Æ @ in an inner product space X is the set 
M+={xEX|x LM} 
Thus, x € M+ if and only if (x, v) = 0 for all v € M.at 


Result: 


Let $ & M € H. Then 
(i) M+ is a subspace of H. 
(ii) M+ is closed in H 
Gii) M S MH 
(iv) If A S B, then A* 2 B+ 
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Functional Analysis Proof: 


a (i) Let z4,x4 € M+,%,8 €k. Then to prove ax, t Px, € M+, we show 


that let y € M be arbitrary. Then (ax4 + fixa, y) = eG y) + BGxs,y)-0 
(since x, € M+,x, € M^) 


(ii) Let x € M+, then there xists (x,) in M+ such that x, — x as m — oc 
For every y E€ M, ix, y) = (lim x, y) 
= lim (x5) 
= O(since x, € M^ Yn € N) 
-xe€Mt 
= M^ isclosed. 
(iii) Since for every x € M, x Ly v y € M^ obviously M S M++. 
(iv) Let x e Bx Ly Vy € B 
>x ly Wy€ A(sinceA & B) 
12-3 
=p cat 
Lemma: 8.3.1 
Let $ =M & H. M = M-++ if and only if M is a closed subspace of H. 


Proof: 

Obviously, M = M++. 

= M is a closed subspace of H. 

Conversely assume that, M is a closed subspace of H. 
WKT, M S M^* 


Self-Instructional Material 


Now, Let x € M** C H. 
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by previous theorem, M = M @M*+ Functional Analysis 
=x = y 4 z,where y E€ M,z €M- nom 
claim: z € M^* 
Let v € M+, then {zv} = (x — y,v) 
= (a, v} — ty vy = 0 
>2zlM+>(z,2}=0>2=0>x=y EM. 
Lemma: 8.3.2 


Let M be a non-empty subset of a Hilbert space H. Then span of M is 
dense in H if and only if M*+ = {0}. 


Proof: 
Let v = span of M 
Assume that V is dense in H. 
Let xe MIGH 
since F = H, there exists (x,,) from V 3:x,, > x asm — oo. 
Since x€ M+, we have x LV >x Lx, V ne N 
-(xxj-0 VneN 
Now, (x,x) = (lim, -olp X} = lim, (x, x) = 0 
=> y = 
= M+ = {0} 
Conversely, assume that M+ = {0} 
clearly, ¥ is a closed subspace of H. 
= H = F @ F+ (by theorem) 


Self-Instructional Material 


LetzeU*zl1yvyel-—zLyVvyeM 
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=>reMt=>r=0 
= P+ = {0} 


> H = F > v is dense in H.. 


8.4. ORTHOGONAL PROJECTION 


The linear operator Py: H — H that maps x to vis called the orthogonal 
projection onto V. There is a natural one-to-one correspondence between 
the set of all closed subspaces of H and the set of all bounded self-adjoint 
operators P such that P? = P. 


Examples: 


(1) Let Y be a orthogonal subspace of H then the map f is from H 
onto Y. 

(ii) The map g is from Y onto Y. 

(iii) ^ The map H is from Y onto {0} 


8.5 EXERCISE 


1. Let A and B 2 4 be nonempty subsets of an inner product space X. 


Show that (a) A € AH (b B- c At (c) AHH = A+ 
2. Show that the annihilator M+ of a setM Æ $ is an inner product space 


is a closed subspace of X. 


3. Show that a subspace Y of a Hilbert space H is closed in H is closed in 
H if and only if Y= y+. 

4. If M Æ $ is any subset of a Hilbert space H, show that M++is the 
smallest closed subspace of H which contains M, that is, M** is contained 


in any closed subspace Ye H such that YO M. 
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UNIT IX: HILBERT SPACE 


Structure 


9.1 Introduction 

9.2 Objectives 

9.3 Hilbert Space 

9.4 Convex Set 

9.5 Direct Sum 

9.6 Orthogonal 

9.7 Isomorphic 

9.8 Hilbert Dimension 
9.9 Exercise 


9.1 INTRODUCTION 


In this unit, we introduce the concept of Hilbert spaces and convexicity. It 
introduce the notion of complete space of Hilbert space through definitions 


and theorems. Finally this unit ends with some exercises. 


9.2 OBJECTIVES 


The students will be able to 


Understand more about Hilbert space. 
Describe the direct sum between two vector spaces. 


Determine the isomorphism and Hilbert dimension. 


9.3 HILBERT SPACE 


A complete inner product space is called a Hilbert space. 
Example: 
1. Consider the space RF, For x = (x,,x3, x4) y = (Fp Fos Fa) WE 
define 
(Xy) = Zi x 


This defines as inner product and the norm associated to it is the norm 


| - lo. 
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Thus [# is a Hilbert space. In the case of €*. the inner product is given by 


(xy) = Dh tJ 


Again the norm || . ||2. 


9.4 CONVEX SET 


A subset A of a vector space X is said to be a convex set 


if(1— t)x + ty € A V x, y € A and V t € [0,1]. 
Theorem. 9.4.1 


Let H be a hilbert space and M be a proper complete subspace of H. For 


every x € H/M, there exists unique y € M = 
I x— y I= intl x 7 m ll: m € M) 

Proof: 

Let & = inf(l x — m ll: m € M] 


Then there exists a sequence (m,,) from M 3: || x — m,, |= à, Yn € M and 


ð, > asn oLetV,—x—-m,vVneN 
We claim that (mj) is a cauchy sequence in M. 
Now 
I| m,— m; Ê= v; — v, = —I v; + v, P+ 2(I v; IP HI v 17} 
= —|| 2x — m; + m, I*-- 2(6? + 82) 
= 4 || x— 1/2(m, + m) I? 2(8? + 6?) 
= 40? +207 + 207 — Oasi,j — oo. 


= (m,,) is a cauchy sequence in M. Since M is complete , m, — y as 


nm -— o for some yE M. 
^ y- x =] imm, - xl 
Ld 


= lim || m, — x Il 
Roos 
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= inf || x— m ||:m E€ M 


To prove the uniqueness of y, let there is y'eMa3 
Iy -x l= y—x =e 
Now, 
ly-y IF 21y-x-G'-x)r 
=2(l y- x I? -H yf- x IHI y- ety- x P 
= 48°- y ty - 2x I? 
= 48? -4 || 1/2(7 + y") — x I? 
a48? -4g =0 
né dur d 
Theorem: 9.4.2 
Let M be a proper complete subspace of a Hilbert space H. If x € H/M 


and y E€ M >: || x— y |= inf(ll x —m lm € M) then 
x-y LM [(ie)z— y Lm.Ym € M] 


Proof: 
Suppose there exists m, € M 3: (m,,z) Æ € where z= x — y. For every 
& € k, Consider 
l| z— am, I7 (z— am,,z — am} 
= (zz) — G(z,m,) — a(myz} + lal (m, mq) 


=|| z l°- —&(z,m,) - a(m,.z) + lel? | m I? 


Put «= mer (Note that m, Æ 0) || z — em, IÎ=I z I?— Ea) (z, m) 
2 L 


Self-Instructional Material 
2 
m 
>| z- em, |?-1 z F= p Kemal é 
Il m, Il 
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Now z-am,-x-y-—am,-x-—(y-4am,) 
=| z— am, |2 (since y+ am, € M) 

which is a contradiction. 

^4 ol BM. 


From the above two results we have the following. Given a closed 


subspace Y of H and x € X, there exists unique 


FEY aly- x l= inffi v— x Iv € Y} ands —y LY. 


9.5 DIRECT SUM 


Let ¥ be a vector space. We say that X is a direct sum of its subspace A 
and B if for every x € X can be uniquely written as x = + z, where 


y€Aandze B. We write this by X = AG B. 


9.6 ORTHOGONAL 


Let H be a Hilbert space and M be a non-empty subset of H. The 
orthogonal complement of M is defined by 

M+ ={x€ Hix Ly ¥ y € M} 

Theorem: 9.5.1 

Let Y be a closed subsapce of a Hilbert space H. Then H = Y @Y* 


Proof: 


By earlier results, for every x € H, there exists unique y € Y 3: 
ly — x I= inff e- x ll: v E YJandx -y LY 

Putz = x — y, then x = y + z and z L Y (or) z € Y} 
=>H=Yt+Y* 

Toprove H=¥ @¥+,ifx=y4zr=y'42! 


such that y, y' € Y andz, z' € Y* Then 
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y-y =2'-rerny- Functional Analysis 
"ips! rege, Pugeyey mE 
=z=z' 

Recall: 

A topological space X is said to separable if X has a countable dense set. 

Theorem: 9.5.2 

Let H be a Hilbert space. Then 

(a) H is countable. 

(b) If H has a orthonomal basis, then H is separable. 

Proof: 


(a) Let A be a countable dense set in H. If B is an orthonormal basis of H, 


then we show that B is countable. If x, y € B with x # y, then 
læ- yl’= {x-yx- y} 
= {xx} Gy) — (yx) H yF} 
=2 
ls- y ll= v2 
If N, — {z E Eil z-z $ and N; — fz E E:ll z- y I< 3, then 


since A is dense in H, for every x € B, there exists at least one point say 
z, E No N A. Fix such z, € NMA, 

Define f: B > A by f(x) 2z, V x e Bf is 1-1 

-cordinality of E = cordinality of A 

sine A is countable, we get B 1s countable. 


Self-Instructional Material 
To prove let fep: 1: € N} be an orthonormal basis of H. 


Let$ = {Ries Griki fp E Q( or QX Q) Y k= L2... m,u € Nj 
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Let e 7 @ be given. Since (e,:5 € NM} is an orthonormal basis of H, for 
every x € H, we have x * Zany (x,64)€& 
inpe > (Oe) 
zi 
s : -— g 
For this e > 0, there exists N € N 3: || Lgewes (%r€n)@y I< 7 
Since @ is dense in R for each k=1,2,...N 


choose q, € Q 3 |G ep} — Gel < iz 


If gy - Zi q, €. then y € S 


Claim:y € (ze H: l|z—-xl« €) 


I»x-xl-li 2 QS — x (x, ey, FR. — 2 (x, €, €, Il 


<I = (q, — Ge, De, Il HI do (xee I 
< JE. | 24— ix,e,2|* T = 
< = 
zi: 


since S is countable, H is seperable. 


9.7 ISOMORPHIC 


Let H and H be Hilbert spaces one a same field K. H is said to be 


isomorphic H if there exists a linear bijection T from onto H such that 


Gy) = GT Vx, y € H. 
Example: 


If {ex} e g is an orthonormal basis of H, then the map Ø: H — P(B) 
defined by ®(x) = (x, ex}keg is an isometric isomorphism of Hilbert spaces: 


it is a bijective linear mapping such that 
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(e(x) , Sy) ?- Gy 


for all x, y € H. The cardinal number of B is the Hilbert dimension of H. 
Thus every Hilbert space is isometrically isomorphic to a sequence space 


P(B) for some set B. 


9.8 HILBERT DIMENSION 


Let H be a Hilbert space. The Hilbert dimension (or orthogonal dimension) 


of H is defined as the cordinality of any orthonormal basis of H. 
Example: 


P(B) has an orthonormal basis indexed by B, its Hilbert dimension is the 
cardinality of B (which may be a finite integer, or a countable or 


uncountable cardinal number). 


9.9 EXERCISE 


1. Show that an inner product space of finite dimension n has a basis 


(b, b... b, Jof orthonormal vectors. 


2. If x L y in an inner product space X, show that 
lx y PS x I? H y I? 


3. If an inner product space, (x, u} = (x, v* for all x, show that u=v 
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UNIT X: REFLEXIVITY OF HILBERT 
SPACES 


Structure 


10.1 Introduction 

10.2 Objectives 

10.3 Reflexivity of Hilbert Spaces 
10.4 Exercise 


10.1 INTRODUCTION 


The concept of Hilbert space named after David Hilbert, generalizes the 
notion of Euclidean space. It extends the method of vector algebra and 
calculus from the two dimensional Euclidean plane and three dimensional 
Euclidean space in to infinite dimensional space. In this section we discuss 


the reflexivity of Hilbert spaces. 


10.2 OBJECTIVES 


The Students will be able to, 


Witness the detailed proof of reflexivity of Hilbert space. 
Determine the results oriented to Separability. 


Identify there flexivity of finite dimensional spaces. 


10.3 REFLEXIVITY OF HILBERT SPACES 


Definition: 10.1.1 (Reflexivity) A normed space X is said to be reflexive 
if, 
R(c) = X^ 


Where €: X — X" is a canonical mapping. 


Definition: 10.1.2 (Embeddable) X is said to be embeddable in a normed 


space Z. if X is isomorphic with a subspace of Z. 


Lemma: 10.1 (Canonical mapping) The canonical mapping €: X — X" is 


an isomorphism of the normed space X on to the normed space R(C), the 


range of C. 
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Proof: Linearity of C as follows, Functional Analysis 


€: X — X"is linear. NOTES 
Letx,x,€X 
Claim: C(x, 4x4) = C(x4) + C(x) 
fetus Fg + fe on 
Let g € X" be arbitrary. Then, 
f. e (8) = (x, xg 

= g(x) + g(x) 
AOAC 
fo, t fe Gn 


Claim: For «eK and x € X, C(ax) = a(Cx) 
Let g € X' be arbitrary 
fax (G) = Ce) (ax) 
= «(g(x)) 
= &f,(g) 
Hence C is linear. 


Claim: Bijective of C 


For every fixed x in a normed space X, the functional g, is a bounded 


linear functional on X", so that g, € X", and has the norm 


lla, ll = kell 
Hence we obtain, |lg, — g|] = |]g.-yl] = lx — yll 


This shows that, C is isometric= Injectivity. Self-Instructional Material 


Indeed if, x 5 y. gy * g, 
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Hence C is bijective implies one-one and on-to. 

On-to implies R(C)=X 

Hence the proof. 

Theorem : 10.2 If a normed space X is reflexive, it is complete 

(Hence a banach space). 

Proof: Let X" te the dual space of X' and X" is complete 

(By theorem: The dual space X' of a normed space X is a banach space) 
Claim: X is complete 

Reflexivity of X implies , R(C7 = X" 

Completeness of X now follows from that of X" (from lemma:10.2) 


Theorem: 10.3 (Finite dimension) Every finite dimensional normed space 


is reflexive. 
Proof: I? with 1 «p < + is reflexive. 
Similarly, I? [a,b] with 1 < p < +% is reflexive. 


It can also be proved that non-reflexive spaces are C[a, b], i^^, and the 


subspaces c and eg of 1^, 
where C - Space of all convergent sequences of scalars 
€, - The space of all sequences of scalars converging to zero. 


Theorem: 10.4 Every Hilbert space is reflexive. 
Proof: Let H be a Hilbert space and A:#' — H be the operator such that 
A(f)=Z where f(x) = (x,z)¥x€H and |lzll = Ilfil 


(from Riesz’s theorem) we define ¢.,. ': H' — k by, 
{fi EY-AR ARE) Vf, f, e H' 
We know that A(f, +) = Af, + Af, v ff, € H' 


And A(af) = c(Af/) Vf,f; € H,aeK 
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Claim: &.,.)' is an inner product of H' Functional Analysis 


NOTES 


OAH f KY =(4 + ACA +A) 
= (Af, + Af, + Af) 
= (Af, Afi} + (AR AR) 
= (fy fey + (a AY 

(ii) (efy f; = (Af, AQ.) 

= (Af, aA()) 
= alAf,.ACf)) 
= alf EV 
(ttt) (Y = Af, AC) 
= (Af, AE) 
= f) 
(iv) f = UA, AP) 
= |L4fIP = 0 


Therefore, H' is an inner product space with respect to {.,. )' and hence it is 


a Hilbert space. 


To prove: H is a reflexive space, we show that the canonical map 


€:H. — H" is on-to. 
Leth € H' 
Then, by Reisz's theorem, 3 fy € H' 3 h(f) = (f hë VfEH' 
Let Af, = x, we claim that c(x)-h (i.e.) g, =A 
Now, g,() = f(e) = (2) if Af =Z 
= {Afp Af) 
=(f. fy 


Self-Instructional Material 
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= h(f) 


Therefore, gẹ = A 


Thus, H is a reflexive space. 


Result: 10.1.3 A separable normed space X with a non separable dual 


space X' cannot be reflexive. 

Proof:!' is separable by the known result, 

(i.e.,) The space I? with 1< p < +00 is separable. 
The dual space of (1! - i” 

Where {* is not separable 

This implies that ł' is non-reflexive space. 


Lemma:10.5 (Existence of a functional) Let Y be a proper closed 


subspace of a normed space X. Let xy € X —Y be arbitrary and 
8 = thf pe, ll? — Xoll 
The distance from xg £o Y. Then there exists an f € x" such that 


Z| =1. FQ) = Oforallyey, Fxg) =6 


Proof: Let us consider the subspace Z is improper subspace of X spanned 


by Y and x,, define on Z a bounded linear functional f by, 

f(z) = f(y + axg) = ad,y € Y 

Every z € Z= span (y ¥ {xg}) has unique representation 
z2ytax YEY 

Clearly, the linearity of f can be seen from the above argument. 
Also, since Y is closed, 

6 > 0, se that f 0. Now a =O gives f(y) 20 for ally € Y 


For æ = 1 and y=0, we have f(x) = à 
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We show that f is bounded. @ = @ gives f(z)=0. Functional Analysis 
Let æ # @ and —(1/fa@}y € Y, we obtain NOTES 


If(z)l = lel = leltzfe,lly— xgll 
siell-29— 


= |l» + axgll 
That is, |f(z)l <= llzll. 
Hence f is bounded and |[£1] = 1. 
Claim: ||fl| = 1. By the definition of an infimum, Y contains a sequence 


(y) such that |[¥, —xgl| > flet z, =F, — xg, Then. we have, 
f(z,) = —d with æ = —1. 


Also, |F|] = supzez pz 
gag 
lf 2,21 
— [zl 
= a = JT 
lz,] ¢ 
Hence |[£]] = 1 
se that |If]] = 1. 


Theorem: 10.6 (Separability) If the dual space x' of a normed space x is 
separable, then x itself is separable. 

Proof: We assume that x' is separable. Then the unit sphere, 

U' = (f£. VIIfll = 1)subsstofx' 

Also contains a countable dense subset, say (f,,). Since f£, € G', we have 
Ilf llo sP) = 1 

By the definition of supremum we can find points x,, € X of norm 1 such 


that, 


Self-Instructional Material 
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Let Y be the closure of span (x,,). Then y is separable because Y has s 
countable dense subset, namely, the set of all linear combinations of the x,, 
with coeffecients whose real and imaginary parts are rational. 

We show that Y=X. suppose y # x. Then, since y is closed, by the above 
lemma there exists an f € x' with, 


IP = 1. F(y) = 0 forally € Y, F(x.) = 6 


For all y in Y. since, x, € y, we have f(x.) =@ and fro all n, 
1 
2 5 Mf Gl 7 1f, G9) — F 


= |(f. - fall 
gA - Pls. 
Where, læ, = 1. 
Hence, [I — f] 5 
But this contradicts the assumption that (f,) is dense in U' because f is 
itself in U' and also |7] = 1. 


Hence the proof. 


10.4 EXERCISE 


1. Ifa normed space X is reflexive, show that X' is reflexive. 
2. Show that a Banach space X is reflexive iff its dual space X'is 
reflexive. 


3. Prove that if f is a linear functional on the Hilbert space X, with null 
space N, then f is continuous iff N is a closed subspace. 


4. Prove that a closed subspace of a reflexive Banach space is reflexive. 
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UNIT XI: RIESZ'S THEOREM 


NOTES 


Structure 


11.1 Introduction 

11.2 Objectives 

11.3 Riesz's Theorem 

11.4 Sesquilinear Form (or) Function 

11.5 Riesz's Representation Theorem 

11.6 Adjoint Operator 

11.7 Properties of Adjoint Operators 

11.8 Classification of Bounded Linear Operator 
11.9 Exercises 


11.1 INTRODUCTION 


In this unit we will introduce the basic concepts such as sesquilinear form 
and adjoint operators and also highlights the basic properties of adjoint 
operators. We will discuss the most important theorems of this unit is 
Riesz's theorem and Riesz's representation theorem. Some useful results 
for adjoint operator will be discussed and then we classify the bounded 


linear operator are described. 


11.2 OBJECTIVES 


Students will able to 


To understand more about sesquilinear form and adjoint operator. 
Describe the basic properties of adjoint operator. 
Determine the classification of bounded linear operator. 


To solve related results. 


11.3 RIESZ'S THEOREM 


Theorem: 11.3.1 
Let H be a Hilbert space. For every bounded linear functional f on H, 


there exists unique z € H such that f(x) = (x, z) vx € H and |f | = llzll. 


Self-Instructional Material 
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Proof: 


Case (1): f = Q, then obviously, we choose z = 0. 
Case (2): f #0 
Then Æ # @ and the null space N() is a closed subspace of H. 
By a theorem, we have H = N(f) + N(f)* 
^ N(f)* # 0 (otherwise H = N(f) = f = 0 ==) 
Choose zg € N (f)* such that zy #0 
Let V = f(x)zg — f(zg]x; fora given x € H 
Claim: V € N(f) 
FV) = FF (a) 20— fig) 

= f(x) F (29) — Flea) f (x) 

=0 
= VeEN(f) = lV,z)-20 
Now, € = 4V, zy) = (F(x)zo — f(zg)o, zg 

= f (x) {zy zo) — f(zg)&x. 29) 
= f(x) = fui Lu PE 


lzy "izgl Te 


) 


We take z= PES then z€ H and f(x) = (x, z) vx € H. 
e 


To prove uniqueness of this z, 

Letz,z;,€ H 2:f(x)-— (x,2,) = (x, z} Wx € H 
= (x,z,-2,;=0 WEH. 

= In particular, for x = z, — Z, we get 


{z, —Zy2%,-2,}=0 = lza- z,ll20 — z = z, 
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z0 “kdl — Ill de — il 


From the schwarz inequality, 
FEl = Ix.z s Ilzlllbxll 
= |Ifll 5 llzll 

« [Ifl = lll 


11.4 SESQUILINEAR FORM (OR) FUNCTION 


Definition: 11.4.1 


Let H, and Hy be Hilbert spaces. A function f: Hy X Ha> K is called a 


sesquilinear form if 

(A(x, + x,y) = h(x,y)-h(x,y) Vx,x; € Hj y € Hy 
(it) h(ax,y) =a h(x, y) Yx eH y € Ha Ek 

(at) i(x,y, + ya) = key) + hy) Va € B, yr ya € By 
(trih ay) = Gh(x,y) Ye € Hy, y€ Hy ae K 

Clearly every inner product is a sesquilinear. 

Definition: 11.4.2 


A sesquilinear form is said to be bounded if 


3M > 0 >: |k y) = Milxililyil 


Yx € H] y E H,, the norm ofh is defined by 


sup | i sup 
Rl] = x € H, y € H; n = x€H,y€H, |h(x,y)| 
x#0,y #0 lxi] = 1, yii = 1 


Self-Instructional Material 
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Theorem: 11.5.1 


Let H,» H, be Hilbert spaces. If h: H, X H4 > K is a bounded sesquilinear 


form, then there exists unique bounded linear operator s: H}, — H, such 


that 
h(x,y) = (sx, y) V(x.y) € H, X H; with IIA] = llsll. 
Proof: 
For each x € H, define g,: H, > K by g,(y) = (x,y) Vy EH, 
Claim: g, is a bounded linear functional on H, 
Lety4.y4 € H, and a, € K be arbitrary 
g, (ay, + By.) = hay, + Byz) 
= üh(x,y,) + Bh(x.y2) 
= ah(x, yi) + BRY) 
= egy) + Bags) 
^g, is linear 
Now for every y € Ey |g,(¥)| = [REF] x Ici ll 
= |lg..ll = lalli « oo 
= g, is bounded. 
Then by Riesz’s theorem, there exists unique z in H, such that 
g, (y) = (o2) Vy € Hs. 


Then, we can define s:H, > H, by sx =z, where z € H is obtained as 


before. 
Self-Instructional Material 
Claim: s is a linear map 


Letx,,x; € H, and æ, f E€ K 


96 


If sx, = z, and 2x4 = Z, then we show that g(ax, + 8x4) = az, + fz,. Functional Analysis 


NOTES 
For y € Hy 


Gun, +x, F) = Max, Ex, y) 
= ah (xy)  Bhxy) 
= &g, (F) + Fay, (F) 
= aty,z) + Bey x) 
= (y,az4) + (y, B Za} 
= {y az, + Bz} 

s(ax, + Bx) = az, + Bz. 


Claim: |[s|| = IIA] 


sup sup 
llle x €&,y € H, Mizel > > x € Hysx € Hy a 
x# Oy 6 dea puni. 


- x€H, lisxesx) seil 
Telli Telise 
xz 0, sx mn Q 


= lell s iel 
= liss Mal eee oee (1) 


Irial | esc al 

=x € H,ye 7, wax ei, y E€ 1, 

Pa ee ee e] vy lexil 
x#0.¥ +0 z#0.¥ #0 


< xe yy € Hy mibi caa (2) 
r#0,ye0 alia 


From (1) and (2), we have |[s|| = |]A|| and hence s is a bounded linear 


operator such that 

h(x. y) = (sx. y) Yxt€ A, y € Hz Self-Instructional Material 
+ r , 

suppose there exists s,, s, € H such that 
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NOTES 
L-—sx-5x Wre H, 


= s = s 


11.6 ADJOINT OPERATOR 


Definition: 11.6.1 


Let T: H, X H, be a bounded linear operator, where H,,H. are Hilbert 


spaces. 

The adjoint operator T* of T is defined by a bounded linear operator 
T*: H, X Hz satisfying (Tx,y) = ix, T'y) V Wx Hy EH}. 
Theorem: 11.6.2 


For every bounded linear operator T: H, X Hz adjoint operator T* of T 


exists 


and it is unique. Further ||T|] = ||T"*|]. 


Proof: 


Define a sesquilinear form fy H. X Hy > K by 


h(y,x) = ty, Tx) Vy € H.,,x € H,. 

Claim: h is a sesquilinear form, 

(i) Let y, ya € 4; @ PEK, x EH, 

hey,  Bya,x) = (ay, By; Tx) 
—a(y, Tx) Béys, Tx) 
= ah(y,,x) + Bh(y; x) 

(it) Let xx, E H, a BER, ye H, 


Self-Instructional Material RCF, aX, + B =) = (y, T (ax, + B x3)) 
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= ay, Tx) + Bey, Tx, Functional Analysis 
= Gs TY.) + y. T) NOTES 


-. h is a sesquilinear. 


Claim: |||] = || || 


sup sup 
Ikl] = x € EF € H hori 2x€H,y€H, léyTall 
[bell all = ITIN 

x*0ys0 x*0,ys0 


| Paca] 
= xeH, lem 
x$0,x20 es Lees | 


= |[Txll= Axl 


zi x [el] --— --- (1X) 


sup sup 
Wie xe dey e maia ores re s 
xe yuQ Pb vag ag Mi 


E rg 
= |lAll = IIF] < ce 
= h is a bounded sesquilinear form. 


Then by Riesz's representation theorem, there exists a unique bounded 


linear operator 

T*: H, X Ha , such that 

h(y,x) = (T*y,x) Vy € H,x€H, 

i.e. (y, Tx) = (T*y,x) Vere H4x€H, 
= x,y} = {x T°} VyeHy,x EH, 
From ||? *|l = IA — IIT I. 


Self-Instructional Material 
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aS Let X and Y be inner product spaces. If Q: X — Y is a bounded linear 


operator 
Such that 
(ÜiQx.y) 20 Vx& X and y € Y. then Q-0. 


(u)Qux)-20 vxeJX, then Q-0 provided X=Y and X is a complex 


inner 
Product space. 
Proof: 
(0(Qoy) 2-0 Yxe X,yerY 
L—(QxQx)-0vxeX 
exi? = 0 Yx € X 
= Qx = 0 Yx EX 
= Q=0 
(i) Leta € and xy E€ X 
0 = (Q(ax +y) ax + y) 

= (aQx + Qy ax + y) 

= |al*(Qx,x} + a(Qx,y) + a(Qy,x) + (Oy, y) 
= a(Qx,y) + a(Qy,x) = 0 
Fora =t, i(Qx,y) — t(Qy,x) = 0 
= (Qx,y)-(Qyx suu.) 
Fora =1, (Qx.y) + (Qy.3) = 0 

Self Instructional Material | ==» (Que, y) = —(Qy,x) 

= (Qy, x} = —(@y,x} 
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=> (Qy. x) =0 Functional Analysis 


By case (1), we get Q=0. che 


11.7 PROPERTIES OF ADJOINT OPERATORS 


Theorem: 11.7.1 


Let H, and H, be Hilbert spaces. Let T: E, — H4 and $:H, +H, be 


bounded linear operators and ‘a’ be a scalar. Then 
(QG*y,x) = Cy, Tx? Vy € H,x€ By 
(#)($+T)" =S*°+T° 
(ti) (aT) = aT* 
(iv)T"* T 
()IIz*TIl = I7T*ll = IIF? 
(vi)?'T = Off T - 0 
(vtt)(ST)* = T*S* provided H, = H, 
Proof: 
(i) By definition of T *, we have 
Applying complex conjugate operator on both sides we get 
{Tey} =(x,Tty} Vy€H,x€H, 
= fy, Tx} =(T*y.x) Wy Hy,.x € By 
(ii) Let yE H; and x € H, 
QS +T)" a} = Cy, (S + T) 
= ly, (Sx +Tx)) 
= (y, Sx} + (y, Tx} 


= (S°, x} + (Ty, x} 


Self-Instructional Material 
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= (S*y + T*y,x) 
=((S°+T")y,x) 
à (SHIT = tT" 
(iif) Let y € H; and x € H, 
((aS)*y, x) = Cy, (aS)x} = (y,a(Sx)) 
= Uy, Sx} = G(S*y,x) = (4S *y,x} 
= (a$)* = a$* 
(NT x,y} = G,T*y) Wy € Hx € H, 
= (T*y, x) = (y. Tx) Wy € Hy, x € By 
We also have (Z*y,x) = (y, Tx} Vy € Hy,x € H4 
Lí(yr"x)sí(yIx)vyteH,x€H, 
(v) First show that T*T: H, > Hi,TT*:Hg > Ha 
lITx|P = (Tx Tx) = (x,T*Tx) 
S lær FEl = IT *T Ill? 
lexi « flr ribald 
ITs SIEEN C0) 
ITIP s liters IENEI = Hi? 
= ITI? = IIr*T!l 
Next, |[T'*yll? = (T*y,7*y) = ty, TT *y} 
 Iiyilllt*T rll = lyr’ illl 
= lit'yll s VIFT 
Iris sirri 


= |Iz*ll? = llrr*ll 


ITI? = lITT*l| (since [ITI] = lIT*1l) 
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= IIT Wir" ll = ITI? Functional Analysis 
= |ITIl? = Irr*\] = |Ir°T ll pen 
(et) TT^ =O = |TT* = 0 = llT]]|2 0 eT =0 
(vitjiet 7 € H, eund x € By 
«(ST)'y,x) = Cy, (ST)x) = (y, S(T x)) 
= (S*y, Tx) = (T'(S*y),x) = (F°(S*y),x) 
= (FSF, 2} 
= (ST)* =T*s* 
Problems: 
(1) Prove that 0* = @ and J* =] 
Solution: 
Let Hy and H} be Hilbert spaces, 
For x € H} and y € Hz 
(0*y,x) = (y, 0x) = fy, 0) = 0. 
= Oy =0 Yre H 
=—o=0 
Let H be a Hilbert space 
For x, y € H, Uy*,x) = €y, Ex) = (y,x) = (ix, y) 


= [= 


11.8 CLASSIFICATION OF BOUNDED LINEAR 
OPERATOR 


Definition: 11.8.1 

Let T: H — H be a bounded linear operator, where H is a Hilbert space 

(£) T is said to be self-adjoint if T = F* 

Self-Instructional Material 


(1t) T is said to be unitary if T^ = T™ 


(iii) T is said to be normal if TT* = T*T 
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Functional Analysis Remark: 


NOTES (£) If T is unitary then T is bijection 


(it) If T is self adjoint then T is normal 
(if T is unitary then T is normal 


Theorem: 11.8.2 


Let H be a complex Hilbert space. T: H — H is self adjoint iff (Tx.x) is 


real Yx € H. 

Proof: 

Assume that T is self adjoint 

=T =T* 

^ (Tx, x) = (x, T*x) = (x, Tx) = (Tx, x} Wx € H 
n Tx xY is real Yæ € H 

Conversely, assume that (Tx,x) is real Wx € H 
= (Ix,x) = CF x, 2} = Gr, Tx) wee one —..(1) 

Be definition of adjoint operator (Tx,x) = ix,T*x)vx = H 
Using (1), (x, Tx? = (x, T'x)Vx € H 
—i(x(T—T'*»)20YvxeH 

By a lemma, T — T* = 0 = T = T* 

Therefore T is self adjoint. 

Theorem: 11.8.3 


Let {Tp} be a sequence of self adjoint operators from H into H. If T, > T 
asm — œ in B(H,H) 


Self-Instructional Material Proof: 


Ir —T*ll2 lir 7, 4 7, - 7, 7, — "Hl 


104 


s iF- i+ If, — F,°ll + lZ,° — Tl Functional Analysis 
= lir — 7, ll + lI,- 7)" = 
z2|T-—T,l-90asn- «© 
2T-T*|l20-2T-rT* 
Theorem: 11.8.4 
Let T and S be self adjoint operators on H , TS is self adjoint iff TS=ST 
Proof: 
TS is self adjoint = TS = (TS)* 
e TS = §*T* TS = ST 
Theorem: 11.8.5 
Let U and V be unitary operators on a Hilbert space. Then ¥x € H 
(a) U is isometry. f.¢.|]Ux|] = llxE, vx € € 
(&)U~* is unitary (or) U* is unitary. 
(c) UV is unitary. 
CEVI = Lie Rs. 
Proof: 
(a)llUxIl? = (Ux, Ux) = (x, U*Ux) 
= (xU Ux) =x, x) = |læll? 
Therefore |[Ux|] = |læl] 
(B)U"^* is obviously bijection and (U73)7* = U 
= (Uy t=u= U" = (U) 
-(u-iy2Uuz(yu-ij* = ot is unitary 


Self-Instructional Material 


(JUKI (UF) = (u*v*)(uv) 
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Functional Analysis = vo(u* U)(v) 
NOTES 
-V*'IV-I 
Therefore UV is unitary. 


sup 
(d)llUl| » x e ee z 4 
Ax 


+ü bell 
Theorem: 11.8.6 


Let T be a bounded linear operator on a complex Hilbert space H. T is 


unitary iff 
T is isometry and onto. 
Proof: 
Assume that T is unitary 
Then T is a bijection and T is an isometry. 
= T is isometry and onto. 
Conversely, assume that T is isometry and T is onto 
T is isometry = ||T'x|] = llxll Vx € H 
= T is one-to-one 
Therefore T is a bijection 
For x € X, 
(T*Tx,x) = (Tx, Tx) 
= [712 
= ixl 
= (xx) 
= (ix, x} Vx EH 


Self-Instructional Material 


(T'T—1)x,x)2 0, Yx € H 
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T'T-I-20-2I'T-2I Functional Analysis 
Now, TT*= TT*1 nen 
zTFT'(rr1) 
zT(I'Tr* 
-T(DT^ 


-T7T 2I 


~T is unitary. 


11.9 EXERCISES 


(1) Let H be a Hilbert space and let @ be non zero continuous linear 


functional on H. Let M = ker(@) . Show that M has codimension one. 

(2) Let g € M^ be a unit vector such that any y € H can be written as 

y = Ag +2 where z € M. Define x = @(g)g. Show that x is such that 
ely) = Ga) Vy EH. 

(3) Let H be a Hilbert space and let V: Æ — # be a unitary operator. Show 


That U is an isometry. t.e, |JUx|] = ||xl| vx € H. 


Self-Instructional Material 
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UNIT XII: ADJOINT OPERATOR IN 
NORMED SPACES 


Structure 


12.1 Introduction 

12.2 Objectives 

12.3 Hahn-Banach Theorem for Real Vector Space 

12.4 Adjoint Operator in Normed Spaces 

12.5 Relation between Adjoint Operator T* and Hilbert Adjoint 
Operator T* 

12.6 Matrix 

12.7 Baire's Category Theorem 

12.8 Uniform Boundedness Theorem 

12.9 Exercise 


12.1 INTRODUCTION 


This chapter contains the basis of more advanced theory of normed and 
banach spaces without which usefulness of these spaces and their 
application would be rather limited and also discuss the most important 
theorem of this chapter is Hahn Banach Theorem. It is an extension of 
linear functional on vector spaces, it also gives an example related to this 
theorem. Some useful results for ad joint operator will be discussed and 
eventually give the proof of category theorem and uniform boundedness 


theorem. 


12.2 OBJECTIVES 


Student will able to understand 


Relation between adjoint operator and Hilbert adjoint operator. 
Identify which number is first and second category. How to extend 
linear functional on vector space. 


12.3 HAHN-BANACH THEOREM FOR REAL VECTOR 
SPACE 


Let X be a real vector space and P be a sub linear form on X (i.e., 
P:X > R with 

P(x y) € P(x) + ply) Vx.y € X,P(ax) = aP(x), x E X). If Z is a 
subspace of X and f:Z—4K is a linear functional satisfying 
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f(x) € P(x)¥ x € Z then there exists a linear functional F: X > IK such 
that FG — f(x)Vx € Z and jx (x) 3 P(x)Vx € X. 
Proof: 


Let E= 


{(g-D(g)} : D(g)is a subspace of X with Z € P(g), g: P(g) > 
R ts linear, g(x) = f(x) Yx € Z and g(x) € P(x) Yx € D(g)} 


We define a partial order relation « on E by (g,, D(g,)) « (gy, DCg.)) if 
f(g) & O( gy) and g(x] = gof) Yx € D(g). 

Claim: << is a partial order relation on E. 

First we note thatE#@ ((f,z) € E) 

Clearly, 

(g,(g)) « (g,D(g)) v (g.S(g)) e E 


If (g,3(9)) €(g,.9(gJ)and (g,.D(g)) & (g Dlg) then 
€(g,) S P(g2), Dga) E Dlg) 


= Dig) = v(g) 

= g(x) = g(x) Vx € $(g) - B(g,) 

7 91-8; 

^ (gy D(a) = Ger 9(g))- 

Let (g., (a1) « (gs 2 (g:)) and (g..(9:)) « (os D03) 
= D(g,) E D(g,) and D(g-) E Dlg) 

> Dg) n D(g,) 

Ifx € D(g,) then g, (x) = g(x) and g(x) = gy (x) 

= g(x) = g(x) Yr € D(g,) 

^ 4£ is a partially ordered relation on E. 
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Let C be a chain in E. Then define D(gg) = Ure acgi}eeD(g) and 
go(x) = g(x) if x € D(g) Vg € C. 

Claim: (gy, 9(g))€ E 

Let z,y € D(g,) and a, BER 

x € D(g,) and y € D(f) for some (gy, $9(g))) (go Dlg) € C. 

Since C is a chain, without loss of generality assume that 
(2.99) « (22 9(92) 

=> Dlg) E Dga) and g,(x) = g(x) Yx € Dig) 

= ax + By € D(go) and golax + By) = go (ex t By) 

= ag,(x) + B guy) 

= ago(x) * B gs) 


^ ggis linear and D(g,) is a subspace of X containing Z. 


By definition, g, is an extension of g ¥ (g.2(9g)) € C and hence it is an 
extension of f with gy 5 P. 


a (go 9 (99)) EE 

Clearly, (95, 9»(gg)) is an upper bound of C. 

By Zorn's Lemma, E has a maximal element say (Gox(fons 
Claim: D(f} = X, otherwise there exists Y, € XXo(7). 

Put Y, = {y + ayı ye v(f)ke«e KR) 

Define gu: Y, + R by g,(y + ay) = fly) + acc for any scalar c. 
Clearly, g,is a linear functional and g,is an extension of f. 

Since Y, is a subspace of X containing D(F). 


To prove that (g,,¥.) € E, we have to show that g, (x) = P(x) Vx € Y. 
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Let y,z € D(F} be arbitrary. Functional Analysis 
Fo- fi) = fi-a) NOTES 
sre c (A90))«5 
TP(*TXx-5»-5) 
5 P(y+ y) + P(-y1-— 2) 


fO) - Py*»x)s P(-y,-2)+ f(z) vy. ze (fF) 


y Ea) (F0) - P@t+yD)s, e2() (P(-y,- 2 + f) 
yE VC -F»* P(y * y) =: sapi- PC 2) 
Choose C between : ial A j- fo) Piy + yd) and 


ze af) 9-77 - 2) 
«-f)-B(-*X-2sztC€s-fo-*Pyty) 
Claim: g,(y + ay,) € P(y +ay,) Vy e v(F)anda € R 
Case:(i) a <0 

Put z= y/æin f(z) P( yy ae 

= —f(y/a) - P(-y, - y/a) s€ 

Multiply on both sides by —a. 

= af (w/a) - (-a)B(-y, — v/a) £ -aC 

> f(y) - Plwy, + y)  -a€ 

= aly tax) = fo) + aC S Py + ay) 


Case:(ii) @ = @ 


Self-Instructional Material 
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aly + Oy) = 460) = fO) s PO) = P(r + 0) 
Case:(iii) @ > Q 
In € s—-f(y) + P(y + y) replace y by ?. 
Cs -fG/a) + PO/at y) 

Multiply by a on both sides, we get 
ac € —f(y) + P+ ay) 

aly lay) = FG) | aC Z PCy | ay) 
^ (guy) € E with (gy y,) > (FDF) and Y, 2 2x) 
This is the contradiction to the maximality of (f, 39(7)) in E. 
^ S(f)- x. 


^s fX > Risa required extension of f. 


12.4 ADJOINT OPERATOR IN NORMED SPACES 


Let X and Y be normed spaces. If T € B(X,Y) then define T*:Y' + X* as 
follows. (T*g)x = g(Tx), Vx € X and Vg € Y*. First we note that if 
fe T*gthen f€ X', Clearly £x k. 


Letx,.x, € Y anda, € k 

fax, + Px, )-(T* g) (ax, Bx; ) 
=g(T (ax, + Exa ) 
—g(aTx, + Tx, ) (since T ts linear ) 
-ag(Tz,) + &g(Tx,) (since g is linear ) 
-e(T* gx) + B(T*g(x3)) 
-ef(x1) + Bf(x1) 

a f is linear 


112 


EHTE ee) FLT g ll Tx sll g ET" E x I 
= fis bounded and || f Sil g Ill T Il 

-feX'. 

Theorem:12.2.1 

Let X and Y be normed space if T, S € £(X,Y) ther 


GTS) = T* -5* 

it) (aT)* = ar* 

itt)(TS)* = $°T* when Y= Y 
iv*-IwhenX-2Y 

v)(T7D* = (7*)7f T7* exists in B(X,Y) 


Proof: 
i) Let ge Y* and xe X be arbitrary 
(P 3)'g)x =g(TxtSx) 
= g(Tx)*g(Sx) 
-T'g(x)  S*g(x) 
-(T* + $*)g(x) 
= (T+S)"=T°+5° 
ii) (aT)"g (x) = g(@T(x)) 
= g(a(T2)) = a(g(Tx)) 
= a(T*g)(x) = (aT*)g(2)) 
= (aT = aT* 
iii) (CTD A=) 
= g(7(sx)} = (T"g)(Sx) 
- (s*(T*g)Y3) = ((s*T")g)(x) 
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Functional Analysis 


NOTES 
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= (TS)*= S'T* 

iv) (2"g)(x) = g(ix) 

= g(x) = (ig) (x) 

>=] 

v)I-r = (rT-+)y* 

=(r yr 

-I-r* -(T7T)' 2 re(r-ty 


z(r*7z(r-. 


12.5 RELATION BETWEEN ADJOINT OPERATOR 7* 
AND HILBERT ADJOINT OPERATOR 7* 


Let H4, H be Hilbert spaces and T: H4 — H4 be bounded linear. 


If A;:Hj- H, is the operator defined by A,(f)=z, where 
f(x) =< %,2>Wx EH, and |zll fil] and ApH} > H, such that 
A,(g) = w, where g(y) =< y,w > Vy € H, and Ilw I[21l g Il, then we 


claim that 

AOT*A;! 2 T* 

Now, for x € By, 

< Tx,w > g(Tx) = (T"g}(x) 

-«xzÉe€xATUAIw 

where z is such that (T*g)(x) =< x.z > Wx € H, and 
w is such that g(y) =< y,w > Vy € H, 

Since z= A,(T* g) = A,(T'45*4,g) = (A,T*Az*)(w) 


^ A,T*A; =T". 
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12.6 MATRIX 


If T:R” RR? is a bounded linear operator and E = {@,,€5, .».&,} be a 
basis of R”, Let the matrix representing T with respect to E is Tg = (tn). 


Denote x by (24,85. ..,84)*, y = T£ = (ty Nar mor Fa) 


i.e.) LPS , J= LZ, m,i 


keL 
Let F = (fis far = r fg) be the dual basis of E. 
i.e.) f, € IR" and fler) -0, Y if € (12, n) 


Now, T'E = FAT x) = £o») = f (ike iM 84) 


= » qm fon) = he 
k=l 


pA 
=1 


DA 
kei 


Since f(x) = f, = (Za & €) = Dh f (8$) = & 


=T'f,= x f, Vj212..n 


kal 
FA 
Tra VT 
a The j** column of T£| “; | which is the j*^ row vector of Tz 
*j 


>T = TÉ 
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Thoerem: 12.2.2 

Let X be a normed space and Y be a proper closed subspace of X. If 
Xo €E X\Y and f= hd Y ly — xg I| then there exists f €X’ such that 
f(z) = 0 Yy € Y, jf (Xa) = d and || f |= 1. 
Proof: 
Let Z be the subspace of X generated by Y and xg. 
(ie) Z={y+axr,:a€ K,y EY} 
Define fZ > K by fi(y + axy) 2 ad V yc ax, € Z 
Clearly f is linear and fj (y) = 0 Vy € Y, f(x) = à 
Claim: || f;l—-1 
Let z€ Z. Then z = y + axg for some y € Y and a € K 

0 if a-0 

IG)» lala = | ial F qv-xol faro 
s lal l Ž- xoll 
=|| —y — &xg Il 
=|| y + ex, =I z Il 
=> f, l«1 


inf 


Since s= EY 


ly — x5 ll, there exists a sequence (y,) in Y such that 
Il y4 7 xo ll^ d on t — w, 


Letz, = y, — Xg then z, € Z, Yn € N,and f(z,) = —-ó Yr EN. 


= YP Ad, fa E 
Now, I All üsrze€Z tel ~ ll may SE 


-9| f, |l zi 


Al f,l-1 
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+. By Hahn-Banach theorem, 
There exists f € x' such that f(x) = f(x) Vx € Z and || f l= f, II. 
For this f, we have f(y) 2 0 v y € Y and f(x) = d and || f I= 1. 
Theorem:12.2.3 
Let X be a normed space. If x' is separable then x is separable. 
Proof: 
Let W-(f € X!Wf = 1) 
Since X' is separable , W is also separable Then W has a conutable dense 
subset say {fp me € N}. Since || f, ll» 1,1 £, ll 1/2 Then there exists 
x, € X 2I x, i= 1and | f, (x,)] > Swn € WN. Let Y be the closure of all 
finite linear combination of {x,} (or) the closure of span of (x, j. 
Then Y is separable. 
Claim: Y-X 
Suppose Y# X Then choose xg € ¥\¥ and by previous theorem there 
exists f € X' 2:Il f l= 1 f(y)-0vy € X and f(x) > 0 
For this f, We have f(x,, )-0 vn € N 
Va «fx IF fGen) = MA Gs — Fad 
=lfa — Aall f, — f ill x, IFA, Fl Ye e N 
This is contradicts the fact that {f,:3t € N] is dense in X" 
n Y=X 
-. X is separable. 
Definition: 


Let (X, d) be a metric space and MC X 


i) Mis said to be nowhere dense in X if int M = ®. 
ii) M is said to be of first category (or Meager) if M is countable 


union of nowhere dense sets. 
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NOTES 
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iil) M is said to be of second category (or non-meager) if cannot be 


written as a countable union of nowhere dense set. 


12.7 BAIRE'S CATEGORY THEOREM 


If (X,d) is a complete metric space then X is second category. 
Proof: 

Suppose X is not a second category. Then X-Ur-, M, Where each M, is 
nowhere dense set. Since M, is nowhere dense in X, M, $x 
& M, is a nonempty open set in X Then there exists p, € M, and a radius 
O<a, « 5.8, = B(py2,) EM, 

Since M, £ X and M, does not contain any nonempty open set , M, does 


not contain E (py) is anon empty open subset of X. Then there exists 
an open ball By = B(Py 82) 3:B, S M; NB (p, 5) and 0 < a, < 1/2? 
Proceeding like this, at the k™ stage we find an open 
ballB*B(p,,,8,) & M, NB (,%) and 0<s, < 27* 

Claim: {p,} is a Cauchy sequence in X. 


For m<n, 


(P, Py. ) 


(Ps Pmr) + Pai) 7 iP) € zu 
2 Gass 3 Lion vn eN- qc asm n 

^ {pz} is a Cauchy sequence in X. 

Since X is complete there exists pe X 2:p, — p as k — oe 


Now for m<n we have 


BS B (pte) and hence d(p,.,2,)<1/2 &,, 


= EPn Pr) S Elm Pn) t dip) 7/254 + d(p,p) 
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Allowing 5 — æ we have Functional Analysis 


NOTES 


dB BIE 22, « &, D p € B(p,.2,) = B, Vm € N 
Since B,, & M, Ym € N then 

—pe M. Yme N 

SPE (Isg M^ 

=pe (U2.., M2) 

=p E Una M HX 


Which is a contradiction 


-. X is a second category 


12.8 UNIFORM BOUNDEDNESS THEOREM 


Let X be a banach space and Y be a normed space. If {T,,} be a sequence 
of bounded linear operators from X onto Y3: for each xe X there exists 
€, > 0 2: || T,x Ils c, Yn € N then there exists c^0z: || T, IIS € Yr € N. 
Proof: 

For each A, is closed set 

Sine A, = NE e ([-kk] where e, (Æ) =l Tæ and 
Yx € X aud Y n € N and each qs, is continuous we have A, is a closed 
set. 

Claim: X-U£z, A, 

Let xE X then there exists c, > 0 3: || T, IS c, v € N then there exists 
keN2:k > cx 

=| T,x lis k Yne N 

>x EA, 

> x E UL Ap 

^X = Ukar Ae Self-Instructional Material 
Since X is complete by using Baire’s category theorem 


= X is second category 
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Functional Analysis Then there exists k, € M 3: int Ay, Then there exists r>0 such that 
NOTES 
B(xg ,r)& A, " 
Let xe X with xa&& be arbitrary 
— Io 
Put z-xg + ant 
Then | z - xg ||» TN 


—r€B(xsr) 


all Tux IT, (2,7 ) 1 Wa EN 


= 28t( T,,(z — xq) Il Yr € N 
lall 


<2 (07,2 Il -i T,xo ll Yr € N 


Wall er : 
-C| æ || Yn € N 
Where Cc-Biy 

Ld 


all T, IS € Yn € N 


12.9 EXERCISE 


1. Find a meager dense subset of R. 


2. Find all rare sets in a discrete metric space in X 


3. Let X be a normed space and X' its dual space. If Xæ (0) show that 
X' cannot be {0}. 


Self-Instructional Material 
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UNIT XIII: STRONG AND WEAK 


NOTES 
CONVERGENCE 

Structure 
13.1 Introduction 
13.2 Objectives 
13.3 Strong and Weak Convergence 
13.4 Convergence of Sequences of Operator and Functionals 
13.5 Bxercise 
13.1 INTRODUCTION 
This chapter will be discuss the different types of convergence. This yields 
greater flexibility in the theory and the application of sequences and series 
and also give a some important results of this different types of 
convergence. It is useful to develop the application of investigation of 
spaces is often related to that of their dual spaces. 
13.2 OBJECTIVE 
Student will able to understand 

Relation between strong and weak convergence. 

How to use orthonormal sequence in Hilbert space. 

Easily differentiate uniformly and strong operator convergence. 
13.3 STRONG AND WEAK CONVERGENCE 
Strong Convergence 
Let X be a nor med space. A sequence (x,) in X is said to be strong 
convergent if ||x,,-x||0 as n—oo for some x €X. This x is called the 
strong limit of (x, ). 
Weakly Convergence 
Let X be a nor med space. A sequence (x,) in X is said to be weakly 
convergent if f(x, ) >f(x) as noo for each fe x' for some x € X. In this Sel-Instuctonal Material 


case x is called weak limit of (x,,) and its denoted by x,, > x. 
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Lemma 

Let (x,,) be a weakly convergent sequence in a nor med space. Then 
i) The weak limit of (x, ) is unique. 

ii) Every subsequence of (x,,) is weakly converges to same limit. 

iii) (||, ||) is bounded. 

Proof 


. w w . . . 
i) Suppose x, x as no and x, — y as noo since the limit of 


convergent sequence in k is unique. We get f(x)=g(x) v fe x' then x=y. 


ii) Let x, S x as n—co and (x4, be a subsequence of (x,). We have 
f(x,)—f(x) asn—« Vw fex'. Since f(xy.) be a subsequence of f(x,,). f 
Gen) — f(x) as k> 26. 

iii) we know that of xe X and g,(f) =f(x) v fe x' then g, € x' and 


lig! [=l|x||. Since x, x as n> and f(x, ) fx) asn->oo Vn € N. 
There exists cp > 0 2:|f(x,)| Seg va N. This implies that | g, | 
&c, Vmn€ N. Then by uniform boundedness theorem there exists c>0 
>: IF» zc Yne N. Then lla, I| £c Vn€N. Therefore || x,|| is 


bounded. 

Results 

Let X be a normed space and (x,,) be a sequence in x. 
a)If x, > x agen — oo then x, S x as nce. 


b)Converse of a) is not true. 


c)If dim X< co, then converse of a) is true. 
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Proof: 


a) If x, +x asm o, then ||x, > x|| > 9 asm — w for each fe x’. 


| f(x, J-FCOF FG, -x)] $ [If 


x4 — x|0 as noc 
f(x, )—f(x) as noe v f € x' 
w 
> X? X àsn—oo. 
b) Let H be a Hilbert space with an orthonormal sequence (e,;j. We claim 
wt 
that €, >0 as n>. 


Let fe H' By Riez’s theorem there exists z € H such that f(x)= «x, z> 


Y xe H. 
By using Bessel’s inequality. 
a1 | “ey > |? «wasm- w 
>< Ep2 >> 0 asne o 
>f(e,) —-0asn- o 


w 
> s, >@ asnco. 


R 
But {e j does not strongly convergent in X. 
= 

Ilen- mll =< En Em > Og Big” 

= «gu Ep > —< 64,8, PE Cy En > FX Cy Sy > 

=2 
245—941 = ¥2 does not convergent to 0 as m, noo 
= {€} is not a Cauchy sequence and hence it is not a convergent sequence. 
c) Assume that dim X =K and (z, z, ,z;zg..z,j be a basis of X. Let 


w 
Xn — X. as Dn—»00. 
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Since x, , x € X, we write 


Xa M Gunz d amm. Fae, m r bam deca 


1uft2] 


oifis] Then we know that { 


If fa X — K are defined by fed- 


fifo fg} are corresponding dual basis of x'. f(x.) > F(x) as 
no ¥ j= 1,2,3, uk 


—ajm-a, asnoq Y j= 1,23, mk 
Now ||x,,-xl| = || 24. Gn) z, — Ze, ezl 
= |E e," — 8) zl 
X Lis. (e — «0 [[z,]| 7 0 as noo 
ox,-xasmu- o. 
Theorem 13.1.1: 


Let X be a Hilbert space and (x,,) be a sequence in X x, " x as n>w iff 

< Xn rZ 59€ 3,225 asno ¥ ze H. 

Proof 

Assume that x, “ya asn—oo. For each f€ x' f (xn) > f(x)asn — oo. 

We know that , if ze # and f(x)= <x,z> Wx e¢ H. Then f € H*. 
f(x) ^ f(x)as n ^ oo 

>< Xp Z> -«x,z7asnoc VzeH 

Conversely, 

Assume that < x,.z »—« x.z > as nc Yz&€H. we want to prove 


w 
that x, x as noo 


Let f € H'. By using Riez’s theorem if ze # such that f(x) = < x, z > 


VxeH 


—«X.,2 0€ X, Z > as now 
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> f(x,) > f(x)as n — c 
w 

>a, +a as noo. 

Theorem 13.1.2: 


š w 
Let X be a normed space and (x,,) be a sequence in X. x, —^x as no 


F 


iff a) (x,) is bounded and b) for every total subset M of x 
f(x.) > f(x)asn — oo Y f € M. 


Proof 


w 
If x,-—x as noo by previous lemma we have proved that a) (x,,) is 


bounded space and b) holds from the definition of weak convergent. 


Conversely, We assume that (a) and (b) holds. Let f € x‘ be given 


Since span of M is dance in X' then there exists a sequence (f;) in. X' 


such that f, > f as] + oo tn X". 

For a given ¢ > 0 there exists jy such that || f, — f'||- Ik 

Where k > supil[x,,ll. IKI 

Since f(x,,) —f(x)asm > o» Y f € M and fi, € span M, 

faa) > f (0) 28 nn 

For some a > 0 there existon EN m |f, (x9) — f, (x)l- 5/4 

For nz N, 

fx )-FCO [fr — fs, n) + fi Gro) — F(x) + Cx) — Fx)! 

IC SLE XCOLILNC LE A 1 + 1G, FO)! 
& if — Fall lx, lE fg, Cn) Fr mod HA, — Fill lix 
ctf s 

Hence f(x,)-f(x)asm— o > x, — x as nce. 
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13.4 CONVERGENCE OF SEQUENCES OF 
OPERATOR AND FUNCTIONALS 


Definition 
Let T,, T € B(X,Y) vit € N where X and Y are normed space. 
i) ( 7) uniformly operator converges to T if || T,,-T|| 0 as nco. 
ii) (7,) strongly operator converges to T if || T,x-Tx||0 as nce for 
each xe X. 
iii) (7) weakly operator converges to T if ||f( T,3)-f(Tx)|| 50 as n— co for 
each xe X for every fe Y", 
Result 
Let X and Y be normed space. T, , T EB(X, Y) vm € X. 
( Tp) uniformly operator converges to T >( T,) strongly operator 
converges to T=>)( T,,) weakly operator converges to T. 
Proof 
Let x € X be arbitrary 
If || T,- T||-20 Then if || T,x-Tx||& || 74 — T|| + 9 as noo. 
For each f € Y* ||f( T,3)-f(Tx)|| x||f| T,x-Tx||20 as nce . 
Remark 
Converse of above results is not true. 
Counter example 


(T) strongly convergences to T but (T,,) does not uniformly operator 


convergences to T. 
Solution 
Take X = Y -1? For each n € & define 


Tax, 5,5. ..)7(0,0,0....0, teen aea suu) VE; EF 
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Prove that (T,,? is linear 


IT, =1,%2,%3.. lle = (rene x [ys 
S x1, x2,*2...2lla 
|I, 1 


IIT | -Sup Mrz a UIC 
m 


læl ls ll xl la 


- IT C li Where Baa 7 (0,0,0.....1,0) 
lens illa 


— llifazilla =} 
Here zl bey 


= ||7,]2 1 
=||T,,|| =] Yr € X. 
Let (x,) € {° be arbitrary 
Now, IT, (x; II" = |] (0,0,0 —..0, 2,41, Enga eee) I 
=P asi xl? —0 as noo 
^|, || > 9 as n > oo 
>T (xp) > 0 asr — o 
But || 7,,||=1 for every n€ Æ > || T,,|| does not converges to 0 as noo. 


Therefore (T,) strongly operator converges to zero but not uniformly 
converges to zero. 

Example 2 

Let X=Y=(? Define Tyr >i" by T. (xy xax m) 

*[0 0. uo DM Æp ) Yn € N. Clearly Yn € N 

Claim: (T,) weakly operator converges to zero. Let x, € 1? and f € I? By 
riesz's theorem z, € I? such that f(y,)- Ez, y,z,, Vy, € D. 


IK, (DIF | ERE: xmas | 
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Functional Analysis i = 
$ (Eksiler) Qna 


NOTES 
a 
= [I(x JI lo Ex; 12,2)* 99 a»  — oo 


f(T,(x,)) ~ asm — w > (T,) weakly operator converges to zero. But 


(T,,) denote strongly operator converges to zero. 
consider e, = (1,0,9, ..) e P? 
For norm [|T,e — Tell = |l€,41 — Emal 
= y 2 does not converges to 0 as nce 


Hence our claim holds. 
Lemma 


Let X be a banch space and Y be a normed space. If T, € B(X,Y) and 


(T) strongly operator converges to T then T € B(X, Y). 
Proof: 

For every € X, Tox > Tx asn > oin Y 

=> (T,x) is bounded in Y for each xe X 


By using uniform boundedness theorem 


c>0 such that |T || £ € V e N. 

-|TxI- || Mtm ux |= lim [irs 

simin ll s cxi vx ex 

Therefore T € B(X,Y). 

Definition: 

Let f, € X'vrn € N. we say that (f,) Weak* converges to f in X' if for 


Self-Instructional Material each xe X 3 f(x) f(x) as n— 0J. 
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Theorem13.2.2: 


Let X and Y be banach space T, € B(X,Y) Y n€ N. (T,) be strongly 


operator converge to T iff 


A) |IT,, || is bounded 
B) (T, x) is Cauchy in Y for each x belongs to total subsets of X 


Proof 


If (T,) strongly operator converges to T 


> A) and B) holds (obviously) 
Assume À) and B) 


Let MS X be a total set 


— span of M is dense in X. 


Let x € X using A) choose c>0 such that || T, || x C Y: € N 
Choose y € span M , such that || x-y || < Morum (1) 
Since y €span M using B) (T, y) is Cauchy in Y. 


. . = 
Given a > @ there exists N € N 3: | Tax — T yl <> 


For zm: € N 
| Tux — Tayl S Tx — T4,»ll +11 T4» — Trl + I Tuy — Tall 


< [I.I x- vll + E+ HTSUE yox 


7 (Tx) is Cauchy in Y 


Since Y is complete, (T,x) is converges in Y. 
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Functional Analysis 1 3 z 5 EXE RCISE 


NOTES 


1. Show that any closed subspace Y of a normed space X contains the 


limits of all weakly convergent sequence of its elements. 


2. Let A be a set in a normed space X such that every nonempty subset of 


A contains a weak cauchy sequence. Show that A is bounded. 


3. A normed space X is said to be weakly complete if each weak Cauchy 
sequence in X converges weakly in X. If X is reflexive, show that X is 


weakly complete. 


Self-Instructional Material 
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UNIT XIV: OPEN MAPPING THEOREM 


Structure 


14.1 Introduction 

14.2 Objectives 

14.3 Open Mapping Theorem 
14.4 Closed Graph Theorem 
14.5 Exercise 


14.1 INTRODUCTION 


This chapter concerned with open mappings. These mappings such that the 
image of every open set is open set and also discuss with bounded linear 
operator is an open mapping. Then will prove the closed graph theorem 
and also give examples of related the open and closed graph theorem. It is 


important closed graph theorem which states the sufficient conditions 


under which a closed linear operator on a banach space is bounded. 


14.2 OBJECTIVE 


Student will able to understand 


Compute the mapping between the any two spaces. 


Identify by which one is surjective, injective and continuous 


mapping. 


Differentiate Bounded and closed linear operator. 


14.3 OPEN MAPPING THEOREM 


Let X and Y be Banach spaces. If T is a bounded linear operator from X 


onto Y then T is an open mapping. 
Proof: 
First we prove the following lemma. 


Lemma: 


If X and Y are Banach spaces and T € B(X , Y) is onto then T(B(0,1)) 


contains a neighborhood of 0 in Y. 
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Proof of the lemma: 

Let Bg=B(0,1) and B,—B(0, 27" Yn EN 

Claim:1 T (B,) Contain on open ball B* 

Let x € X. If k > 2||x |, then = € B, and hence x € kB, > X = Ny AB, 
Since T is linear and onto we have, 

Y-T(x)-T(U KB,) = UETE,, 

Since Y is complete by Baire's category theorem int KT(B,) Æ @ >K int 
T(B,) + $ > int T(B,) + $ 

Let yy € int T(B,) 

Then a > 0 3: B* = B(yy,8) S T(Bi) 

Claim 1 is holds. 


Claim:2 For each n€ N, T(B,) contains a neighborhood V, of o. 

Using claim 1 , we have B*-y5 = B(0,8; € T(B,) -y,, First we show 
that 

T(Bb,) -7p = T (Bq). Let ye T(B,) -¥g. Then ytyg € T(B,) 

We Know that yg € T(B,) also. Then there exists (z,,) and (w,,) From 
By, >: 

Tz, — y yas n> œ, Tw, > F E yas n> coin T(By) . 

—T(z,-y,) -Tz,-Ty, > y t yg — Foy as n— oc and 

ll Za Yn ISl zn ll ys ll 155 15 -1 

2z,y,€ By Yn € N 

>yE T (By) 

2 T(B,) -yo & T(By) 

> B(o,¢)& T (By) 


227?B(o,c) E 2-"F(By) = 2-"F (By) 
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-T(2" Ba) = T(B,,) vaxcehN Functional Analysis 
XE NOTES 
If y= B(0, = Then V)& T(B,), Vn € N. 
« Claim 2 is holds. 
Claim:3 T(B,) Contains a neighborhood of 0. 
Let ye T(B,) . For Fa there exists x4 € B, 2: ly — Tx, I< = 
> y-Tx,€ Lt T(B4) 
For 0 there exists xa € Bg 3: || y — Tx, — Tx; I< : 
> y—TIzx,—Tx,€ WC T(B,) 
Proceeding like this at them stage there exists x, € B, such that 
Ey-Tz-Tx,— —-— Tz, I zu 
y-Tx,—-Tx,—:-— Tx, € V, C T(B,). 
= Claim 3 is holds. 
Claim 4: Let $, 2 x, x; bb x, Yn&N 
(5,) is a Cauchy sequence in X. 
For n>m, | 5$, — $,, lll Ekan% Il 
& Zim ll 7 II 
*EXteni 
< D E = —- asne o 
4^ (s,) is cauchy in X. 
Since X is complete there exists x€ X 3:5, > x asm o 
Now, Tx-T (lim Sa) jim? =F 
Since || s, =l x4 + xg He x, USM xs I IE xg HR ML x, IM 


Self-Instructional Material 


< 1+1 t Ifat et Ifon 
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«Exil = Ifa > XE By 
=> y= Tx€ T (Bọ) Since ye T(B,) is arbitrary T(B,) S T (B3) 
Using claim 3 Vj € T(By) 
^ T(Bg3) contains a neighborhood of O. 


Proof: 


Let U be an open subset of X. To prove T (U) is open in Y, let yy € T(U) 
Then yy = Tx, forsome 4, €U. 
Since U is open in X there exists r> 0 2: B(x,r) S U. 
From the lemma we have B(0.7) = V, € T(B(0,1)) 
Now we claim that B(yy. = cT(U) 
BOr, )- ya + 7 B(0.5) 
€ Tx, + rT (B(0,1)) 
= T(xy + r£ (01) 
= T(B(zyF)) 
CT(U) 
^ T(U] is open in X 
>T is open map. 
Remark: 


If X and Y are topological spaces, if f: XY is one to one and onto , f 


is open then f7*: Y — X. is continuous. 

Definition: (Product of two normed spaces) 

Let X and Y be normed spaces, Clearly XxX is a vector space with 
respect to addition and scalar multiplication defined by 
Gray) Gra Fa) (4 + Xo Y Ya) 

A(x,y) = (Ax, Ay) Gxy yix y). 0ecy)e XX Y ,A€ K(RorC) 


Define ||: XX Y — Eby || (xy) I2 x ll +i ¥ ll (ey) E Xx Y 
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Claim: 
|. |] is a norm on Xx Y 
i) W (xy) I= x Il H y WE O v(x, y) € Xx Y 
i) I Gy) l2 €. iff qxgp-4lyl-€ iff Ix=O, yll=0 iff 
x=0,y=0 iff (x, y)-(0,0). 
iii) I A(x,y) I =l (Ax, Ay) I7 I Ax H Ay = [AlCl o 1 +i ¥ ID 
-|Al Il Cx y) I 
IV) 8. GG y IF Gu xy + ya) S (ey + eq) I 
( 9 33) USM x, +N ey Fly EH ys IF 
I (Fa) V HI Q2) Il 
^ l.l isa norm on XXY . 
Definition: 


Let D(T) be a subspace of a normed space X and Y be a normed space. A 


linear operator T:D(T)—= ¥ is said to be a closed linear operator of its 
graph. 
gr = (Go Tx):x € D(T)] is closed in X x Y. 


14.4 CLOSED GRAPH THEOREM 


Let X and Y be banach spces and D(T) be a closed subspace of X. if 
T:D(T)- Y is closed linear then bounded. 

Proof: 

We know that XXY is a normed linear space with 
xl y I= (xy) l vV(x.y) EX XY. First we show that X XY is a 
banach space of X and Y are banach spaces. Let (x, y,)J& X X Y bea 
Cauchy sequence in X Y. Given g = € there exists 

NEN F: ll (x, y4) — (x4 Fa) I< 8 ¥en z N 

29 x, — Fa ll H Fk — Fn I oe Y mn = N 


79 || x4 — x4 I< ll Ya — Y. I a Ym, n SN 
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= (x,,) and (y,) are Cauchy sequence in X and Y respectively. Since X 
and Y are complete , there exists XE X, y € Y Bia, — Xr Ffy yasn-o 
= Il (xF) — Gy) NEI x, — x ll H y,— FI 0asm- o. 

= (x,,4) converges in Y X Y 

4X XY is a banach space. 

Define the projection map P:g(T) + X 

P((x,Tx))=x Víx,Tx) € g(T) 

Claim: P:g(T)- X isa bijection. 

If x € X then (x, Tx)e g(T)and P(x,Tx) =x 

=> P ts onto. 

If P(x,Tx)=P(y,Ty) then x = y 

= (x,Tx) = (y,Ty) 

^ Pis one to one 


Claim: P is bounded 
ll Cx, Ty) =l x Sil x E +1 Tx I=] Cx, T2) UI 


». P is bounded. 


Clearly P is a linear map. 

Sine g(T) is a clsed subspace of X X Y, g(T) is also a banach space. 
:. By open mapping theorem 

= 9^5 is continuous 

i.e) l| p(x) II M || x || Vx € X , for some M>0 

I| Tx lll x +i Tx 0 (x, Tx) l9 p) IS M IL x l| vx e X. 
-. T is bounded. 


Theorem:14.2.1 
Let X and Y be normed space and D(T)be a subspace of X . A linear 


operator T:D(T) + Y is closed linear iff T has the following property. 
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Whenever x, x, Tx, >F as n>% with x, €D(T) we have Functional Analysis 
x € P(T) and Tx-y. NOTES 
Proof: 

T is a closed linear e g(T) is closed in X x Y whenever z, € g(r) and 
z,—zinXXYasn- then z, € g(r) e» whenever 

(x, Tx,)2 (x,y)as n — oo in X X Y and 

x, E D(T)¥n, x € D(T)aud y=Tx whenever 

X, $ X, TX, > FASE uw and x, € D(T) Yr then x € DÈT) and Tx-y. 

Examples: 

1. Closed linear operator need not be a bounded linear operator. 

Solution: 

Let X = Y=C((0,1]) and DÍT’ = The set of all continuously differentiable 

function on [0,1]. Clearly D(T) is a subspace of X. we know that the 


differential operator D is not bounded. 

To prove 2 is closed on P(T). 

Let x, € ATI n2:x,— xandz, — FSRA, Since (x, is 
uniformly converges on [0,1] and (x,(£)) converges for any t€ [@,1] by 
theorem x' = lim x; — y, Since(x;) converges uniformly to y and x; is 
continuous Y rm € Ñ. 

= y = x' is continuous 

=x €D(T) and y=x' 

^D is closed linear. 


2. Bounded linear operator need not be a closed linear operator. 
Solution: 
Let X be a normed space and D(T) be a dense proper subspace of X. 


D(T) be a dense proper subspace of X. Self-Instructional Material 
ie)Z(T)£ X and DÍT) =X. 
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If T = D(T) — x isthe identity operator then T is bounded. But T is not 
closed. Let xe XXP(T. Then there exists (x,) is P (TÌ 3: x, >x as 
n+ c. Since T is continuous Tx, > Tx asm > œ. But x€ D(T) = T is 


not closed. 
Theorem:14.2.2 
Let X, Y be normed spaces, P(T} € X and T be a bounded linear operator 


from D(T)into Y. Then 
i) If 2(T) is closed, Then T is closed 
ii) If T is closed and Y is complete then P(T} is closed. 
Proof: 
i) Let x, € DÈT) 3: x, > x and Tx, > y asm oo. Then 
x€ DT) and T is continuous implies Tx, —Tx as n— c 
=Tx=y. Tis closed. 
ii) Letx € DT) Then there exists a sequence (x,,) from 
D(T)2:x,—rasm- oo 
Claim: 


(Tx,,) is Cauchy in Y. For every m,ne N. 

| Tx, - Tz, ISI T ll x, —x,, l5 0as mm o 

^ (Tx) is Cauchy in Y 

Since y is complete (Tx,) converges. Since T is closed by a 


theorem xe D(T) and lim Tx, = Tx > D(T) € D(T) 2 D(T) is 
Roo 


closed. 


14.5 EXERCISE 


1. Let X and Y be banach spaces and T:X— Y an injective bounded linear 
operator. Show that T7*: (T) +X is bounded if and only if RET) is 
closed in Y. 

2. Show that an open mapping need not map closed sets onto closed sets. 

3. Let X and Y be normed spaces. If T4: X — Y is a closed linear operator 
and T, & B(X,Y) show that T, + T} is a closed linear operator. 
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